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PEEFAOE. 

The subjects of the following pages have been 
taught orally at the Military Academy for many years ; 
but, for the saving of time, and the convenience of 
the pupils, it has been thought best to clothe them 
in a printed dress; and as, in this form, the volume 
might be found usefdl in other schools, as an appli- 
cation of descriptive geometry to practical questions, 
it was also thought well to have it published. 
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ONE PLANE DESOEIPTIVE GEOMETRY 

AS ATPUXD TO . 

FORTEFIOATION DRAWING. 



1. The method now in general use, among military en- 
fflneers, for delineatiog the plans of permanent fortifications, 
IS similar to the one which had been prcTiously employed 
for representing the natural surface of ground in topograph- 
ical and hydrographical maps; and which consists in projec- 
ting, on a horizontal plane at any assumed level, the bounding 
lines of the surfaces and also the horizontal lines cut from 
them by equidistant horizontal planes, the distances of these 
lines from the assumed plane being expressed ivumeric(Mi/ 
in terms of some linear measure, as a yard, a foot, &c. 

2. Plane of Reference or Comparison. The assum- 
ed horizontal plane upon which the lines are projected is 
termed Hie plane of comparison or plane of ref^enoe^ as it 
is the one to which the distances of all the lines from it are 
referred, and as it serves to compare these distances with 
each other and also to determine the relative positions of 
the lines. 

3. References. The numbers which express the dis- 
tances of points and lines from the i)lane of comparison are 
termed references. The unit in which these distances are 
expressed is usually the linear foot and its decimal divisions. 

As the position assumed for the plane of comparison is 
arbitrary, it may be taken either above or below every point 
of the surfaces to be prdected. In the French military ser- 
vice it is usually taken above, in our own below the surfaces. 
The latter seems the more natural and isalso more conveni- 
ent, as vertical distanced are more habitually estimated from 
below upwards than in the contrary direction. Each of 
these methods has the advantage of requiring but one kind 
of symbol to be used, viz : the numerals expressing the ref- 
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2 ONE TLAJSTB DEBOBIlfUVE GBOHETBY. 

ereaces; wliereaB, if the plane of comparison were so taken 
that some of the points or lines projected should lie on one 
side of it and some on the other, it would be then necessary 
to nse, in connection with the references, the algebraic &vmr 
bols jpzM or rrmms to designate these points above the plane 
from those below it. 

As the distances of all points are estimated from the 
plane of comparison, the reference of any point or line of 
this plane will therefore be zero, (0.0); that of any point 
above it is usually expressed in feet ; decimal parts of a foot 
being used whenever the reference is not an entire number. 
When the reference is a whole number it is written with one 
decimal place, thus (25.0) ; and when a broken number with 
at least two decimal places, thus (3.70), (15.63). In writing 
the reference the mark used to designate the linear unit is 
omitted, in order that the numbers expressing references 
may not be mistaken for those which may be put upon the 
drawing to express the horizontal distances between points. 

The references of horizontal lines are written along and 
upon the projections of these lines. All other references 
are written as nearly as practicable parallel to the bottom bor- 
der of the drawing, for the convenience of reading them 
witiiout having to shift the position of the sheet on which 
the drawing is made. 

This method of representinj^ the projections of objects 
on one plane alone has given rise to a very usefiil modifica- 
tion of me one of orthogonal projectionB on two planes, and 
has been denominated one plane descriptive geometry; the 
plane of comparison being the sole plane of projection; and 
the references takmg the place of the usual projections on a 
vertical plane. By this modification the number of lines to 
be drawn is less; the graphical constructions simplified; 
and the relations of the parts is more readily seized upon, 
as the eye is confined to the examination of one set of pro- 
jections alone. 

But the cMef advantage of it consists in its application 
to the delineation of objects, like works of permanent forti- 
fication, where, from tbe great disparitjr oi the horizontal 
extent covered and the vertical •dimensions of the parts, a 
drawing, made to a scale which w«uld give the horizontal 
distances with accuracy, could not in most cases render the 
vertical dimensions with any approach to the same degree 
of accuracy; or, if made to a scale which would admit of 
the vertical dimensions being accurately determined, would 
require an area of drawing surface, to render the horizontal 
dimensions to the same scale, which would exceed the con- 
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venient limits of practice. TaJdng for example an ordinary 
scale used for drawing the plans of permanent fortifications 
of one ikch to fifty feet^ or the scale ^i^, the details of all 
the bounding surfaces can be determined -with accuracy to 
within the ffactional part of a foot, whereas a vertical pro- 
jection to the same scale would be altogether too small for 
the same purposes. 

4. Point and Right Une. To designate the position 
of a point, PI. 1, Fig. 1^ the projection of the point«and its 
reference are enclosed within a bracket, thus (28.60). This 
expresses that the vertical distance of the point from the 
plane of reference is 28 feet and fifty-hundredths of a foot. 
The ijosition of a right line oblique to the plane of reference 
is designated by the projection of the line, and tiie references 
of any two of its points. Thus in Fig. 1 the points a and 
J, upon the projection of the right Kne, with their respective 
references (26.15) and (28.60), determine the position of the 
line with respect to the plane of reference. 

When the liae is horizontal, or parallel to the plane of 
reference, its projection, with the reference of one of its 
points, will be sufficient to designate it, and fix its position 
with respect to the plane of reference. Thus in Fig. 1 the 
reference (26.16), written upon the projection of wie line, 
expresses tliat the line is horizontal, and 26.15 feet from the 
plane of reference. 

6. For the convenience of numerical calculation, the po- 
sition of a line, with respect to the plane of reference, is 
often expressed in terms of the natural tangent of the angle 
it makes with this plane; but as this angle is the same as 
that between the line and its projection, its natural tangent 
can be expressed by the difierence of level between any two 

Soints of the line, divided by the horizontal distance between 
le points. Now, as the difference of level between any 
two points of the line is the same as the difference of the 
references of the points, and the horizontal distance between 
them is the same as the horizontal projection of the portion 
of the Une between the same points, it follows, that the nat- 
ural tangent of the angle wnich the line makes with the 
plane of reference is found ly dmidmg the differmce of the 
referenGea of the pomta hf the distcmoe in honzontdl projeo- 
itan between them. 

The vulgar fraction which expresses this tangent is term- 
ed the i^hchnoHonj or dedimty of the line. Thus the frac- 
tion \ would express that the horizontal distance between 
any two points is six times the vertical distance, or difference 
of their references; the fraction f, that the vertical distance 



Digitized by 



Google 



« ONS PLANE DBBQBIFTrirE aEOHETTBT* 

between anj two points is two-thirds the horizontal distance ; 
the dmommatoT of tJie Jraction. in. all cases, r^e^entmg 
the n/umber of paHs m horisonkAjn^qjecHorij ana the fmrne- 
raUor the oorrespondinff n/umber qfjmis m vertical distance. 
When the position of a line is designated in this way, it is 
said to be a line whose inclination or declivity is one-sisth, 
two-thirds, ten on one, &c., or simply, a line of on&^ksth^ &c. 

6. Having the declivity of a line, the difference of refer- 
ence of any two of its points, the projections of which are 
given, will be fonnd by midtiplyinff the horizontal distance 
between them by the fraction whicSi expresses this declivity ; 
in Uke manner the horizontal distance of any two poiats 
will be obtained by dividing the difference of their references 
by this fraction. 

To obtain therefore the reference of a poiat of a line* 
having its projection, the horizontal distance between it ana 
that of some other known point of the line mnst be deter- 
mined from the scale of the <frawing by which the horizontal 
distances are measnred; this distance expressed in numbers, 
being multiplied by the fraction which expresses the declivity 
of the line, will give the difference of reference of the two 
points; the required reference of the point wiQ be found by 
subtracting this product from the reference of the known 
point, if it is higher than the one sought, or adding if it is 
lower. Thus let (25.15) be the reference of a known point 
higher than Uie one sought; the horizontal distance between 
the points being 35.76 feet, and the inclination of the line 
tV ; then 35.'76 x yV = 3.575 will be the difference of refer- 
ence of the poiats, and 25.15 — 3.575 = 21.575, the required 
reference. The converse of this shows that the horizontal 
distance between two points on this line whose difference of 
reference is 3.575 will be 3.576-^tV=35.75 feet. 

7. When the projection of a line is divided into equal 
parts, each of wmch corresponds to a unit in vertical dis- 
tance, and the reference of the points of division are written, 
it is termed the scale of decHmty of iJie Une. In constructing 
the scale of declivity of a liae, the entire references are alone 

Sut down ; one of the divisions of the equal parts being sub- 
ivided into tenths, or hundredths if necessary, so as to give 
the fractional parts of the references corresponding to any 
fractional part of an entire division. 

8. The true length of any portion of an oblique line be- 
tween two given points is evidently the hypothenuse of a 
right angle triangle of which the other two sides are the dif- 
ference of reference of the points, and their horizontal dis« 
tance. 
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9. Plane. The position of a plane oblique to the plane 
of reference may be determined eitiier by the projections and 
references of three of its points ; by the projections and de- 
clivity of two lines in it obliqne to the ]^ane of reference; 
or by the projection of two or more horizontal lines of the 
plane with their references. 

The more nsnal method of representing a plane is by the 

Projections on the plane of reference of the horizontal lines 
etermined by intersecting it by e<juidistant horizontal planes. 
These projections are termed nor^i^&ontals of the pLcme^ those 
nsnally bemg taken the references of which are entire numbers. 

10. If in a given plane a line be drawn perpendicular to 
any horizontal line m it, the projection or this line on the 
j)lane of reference will be also perpendicular to the projec- 
tions of the horizontals. The angle of this line with the 
plane of reference is evidently the same as that of the given 
plane with it, and is greater than the angle between any 
other line drawn in the plane and the plane of reference. 
This line is, on this account, termed the Une of greoute^ de- 
clivity of the plane. 

11. If the scale of declivity of the line of greatest de- 
clivity be constructed, it will alone serve to fix the position 
of the plane to which it belongs, and to determine the refer- 
ence 01 -any point of the plane of which the proiection is 
given. For since the horizontals are perpendicular to the 
scale of declivity, the point where the horizontal drawn 
through the given projection* of a point in the plane cuts 
this Ime will determine upon the scale the reference of the 
horizcmtal, and therefore that of the point. 

12. The inclination or declivity of a plane with the plane 
of reference may be expressed in the same way as the incli- 
nation of its Une of greatest declivity. Thus apL(me of one- 
fovHhf a plcme ojtwerdy on one; a plcme of l/wo-thi/rdsj 
express that the natural tangents of the angle between the 
planes and the plane of reference are respectively represent- 
ed by the fractions |, V, ^^^ !• 

13. The horizontal distance between any two horizontal 
lines in a plane, the angle of which is given, can be found 
in the same way as the horizontal distance between two 
points of a Kne, the inclination of which is given. Art. 7, 
by dividing the difference of the reference of the two hori- 
zontal lines by the fraction representing the declivity of the 
plane; in like maimer the difference of references of any 
two horizontal Knes will be obtained by multiplying their 
horizontal distance by the same fraction. 

14. To distinguish the scale of declivity, PI. 1, Fig. 3, 
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from any other line of a plane, it is always represented by 
two fine parallel lines, dAwn near each other, and crossed 
at the points of division, where the references are written, 
by short lines which are portions of the corresponding hori- 
zontals. 

With the foregoing elements the nsual problems of the 
right line and plane can be readily solved. 

15. Problems of the Sight Idne and Plane. 
Prob. 1, PI. 1, Fig. 3. Hwcmg the projections and refer- 

efnce%ofimo Unes that mtersect^ tojind the am/gle hetnoeert them. 

Let db be the projection of one of the lines, the refer- 
ences of two of its points (10.30) and (4.90) being given; 
cd the projection of the other line, (10.30), and (5.0) being 
the references of two of its points; (10.30) being, the point 
of intersection of the two lines. 

Find on each of the lines. Aft. 7, a point having the 
same reference (Y.O). The line joining these two points 
will be horizontal, and projected into its true length ; taking 
this line as the base of a triangle of which the other two sides 
are respectively the tme len^hs of the portions of the two 
given lines projected between (10.80) and (7.0), Art. 7, the 
angle at the vertex will be the one required. 

16. Prob. 2, Fig. 4. Through a pomt to dra/vo a Ime 
pa/raUd to a given line. 

Let (7.50) be the proiection of the point ; ab that of 
the given line of whicn the two points (7.0) and (9.0) are 
known. 

Throngh o drawing cd parallel to ab, this will be the 
projection of the required line ; and as its declivity is the 
same as that of the given line, it will be only necessarv to 
set off from c towards rf, the same distance as between (7.0) 
and (9.0), to obtain a point (9.50) as far above (7.60) as (9.0) 
is above (7.0). 

17. Prob. Z, Fig. h. ThroughapoiifUin,ajDlamstod^aw 
a Ime in the pkme with a given incmiation.^ 

Let cd be the scale of declivity of the given plane, and 
a (5.50) the given point ; and suppose, for example, that the 
declivity of the plane is | and that of the required line is j\. 

Draw the horizontal of the plane (6.60) which passes 
through the point, and any other horizontal, as (7.0). The 
projection of the required une will pass through a, and the 
portion of it between the two horizontals will be e<jual. Art. 
6, to the difference of their references, or 1.5 ft. divided by 
the fraction which represents the inclination of the reg[uired 
Ime. Describing, therefore, from «, an arc, with this dis- 
tance ac or 1.6 -- yV = 15 ft. as a radius, and joining the 
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point J, wtere it cuts the horizont^ (7.0), with a^ this will 
be the projection of the reg^uired line. 

18. Prob. 4, PI. 1, F%g. 6. H(mmg three pomts of a 
pl<me^ to const/iruct its horizontals amd scale ofdm4A)ii/y. 

Let a (12.0), J> (15.25), and c (15.50), be the projections of 
the three points. J oin a with the other two, and construct 
the scales of declivity of the lines of iunction. Art. 6. The 
lines joining the same references on these two scales will be 
horizontals of the required plane. Its scale of declivity is 
constructed bv drawing two parallel lines perpendicular to 
the horizontaJB, and writing the references of the points 
where they intersect the horizontals. 

19. Prob. 5, PI. 1, Fig. 7. To find the horizontals of 
a plome passed through a gi/ven line amd jmroUld to another 



Let ah and cA be the projections of the two Hues. From 
a point (10.0) on cd draw a line df^ Prob. 2, parallel to ah; 
and bv JProb. 4 find the horizontals of the plane of df and 
cd; these will be the required horizontals. 

20. Prob. 6, PI. 1, Fig. 8. To find the horizoMs of a 
pUme the declmity of which is gwen^ amd which passes 
through a given Une. 

Let Id be the scale of declivity of the given line, and 
suppose, for example, the declivity of the Une to be tV ^-^^ 
that of the required plane to be \. 

Since the horizontals of the plane must pass through the 
poiats of the line haviag the like references, and as the dis- 
tance in projection between any two of them. Art. 13, will 
be equal to the difference of their references divided by the 
fraction giving the declivity of the plane, it follows that to 
find the one (frawn tiirough b (14.0), for example, it will be 
simply necessary to describe from any other point, as a 
(12.0), an arc ot a circle, with a radius of 12 ft., equal to 
the quotient just mentioned, and to draw a tangent to this 
arc from b. If any other horizontal, as (16.0), is required, 
which would not intersect the projection of the given line 
within the limits of the drawing; any two poiats, as (12.0) 
and (14.0), for example, may be taken as centres, and two 
arcs be described from them, with radii of 12 and 24 ft., 
calculated as above, and a line be drawn tangent to the 
arc; this tangent will be the required horizontal. 

21. Pr(h. 7, PI. 1, Fig. 9. Samng either the horizontals 
or the scales of declmity of tvoo planes^ tofimd tJieir intersec- 
tion. 

Join the points ah where any two horizontals, as (12.0) 
and (14.0), in one plane intersect the corresponding horizon- 
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talB of the other^ and the line so drawn will be the projection 
of the regnired intersection. . . 

22. When the horizontals of the two planes are parallel^ 
or when they are so nearly parallel that their points of in- 
tersection cannot be accurately found, the following method 
may be taken: Draw any two parallel lines as edj dd\ PI. 
ly Fig. 10 ; these may be considered as the horizontals of an 
arbitrary plane, and naving the same references, (12.0) and 
(14.0), as the two corresponding horizontals in each of the 
given planes. The intersections of the horizontals of the 
arbitrary plane with those of the given planes will determine 
two lines, mn^ m'n\ which, being the projections of the in- 
tersections of the given planes with the arbitrary plane, 
wlQ, by their intersection 0, determine the projection of a 
point conunon to the three planes, and therefore a point of 
the projection of the intersection of the two given planes. 
Assuming any other two parallels a&, a'J>\ as the horizontals 
of another arbitrary plane ; finding in like manner the point 
0' and joining and 0' by a line, this will be the required 
projection. 

When the horizontals of the two planes are parallel, one 
point, as €>, will be sufficient to determine the required pro- 
jection, as it will be parallel to the horizontals. 

23. Prob. 8, PI. 1, Fig. 11. Tojmd where a gi/verv line 
pierces a gvoenplome. 

Through the projections of any two points of the given 
line, as m', n\ having the same references, (12.0), (14.0^ as 
two horizontals of the riven plane, draw two parallel lines, 
oi, a'b\ which may be tiien as the horizontals of an arbitrary 
plane. The projection, of the line of intersection, Trm^ of 
this plane with flie given plane being determined by Prdb. 
7, the point where it intersects the projection of the line 
wV win be the projection of the required point, the refer* 
ence of which can be found from the scale of the plane. 

24. Prdb. 9, PI. 1, Fig. 12. To d/raw from a gimn 
point a perpenmovlaa* to a gimenpUme^ amd find its length. 

Let a (12.0) be the projection of the given point; and 
let the given plane be represented by its scale of declivity. 

The projection of the required perpendicular will pass 
through «, and be parallel to the scale of declivity of the 
given plane. The angle which it makes with the plane of 
reference is the complement of that between this plane and 
the given plane; its tangent therefore will be the reciprocal 
of the tangent of that 01 the given plane. 

Drawing therefore througn a the line ac parallel to bd, 
and constructing its flcale of declivity, Art.^y this will be 
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the projection of the reqtiired perpendicular. The projec- 
tion of the point o where it pierces the given plane is found 
by Prob. 8, and the true length of the perpendicular by 
AH. 8. 

S5. Geometrioal and Irregttlar Surfaces. 

All other surfaces may, like the plane, Art. 7, be repre- 
sented by the projections on the plane of reference of the 
curves or lines cut from them by equidistant horizontrf 
planes, together with the references of these curves ; as many 
of these projections being drawn as may be requisite to de- 
termine all the points of the surface with accuracy; and 
their references being written in the same way as those of 
the horizontals of a plane. 

In the more simple geometrical surfaces, a single hori- 
zontal curve, with the projection of some point or line of 
the surface, will alone stimce. For example, the cone may be 
represented by the projection and reference of any curve cut 
from it by a horizontal plane, with the projection and refer- 
ence of its vertex ; a cylmder by the projection and reference 
of a like curve, with the projection and reference of its axis, 
or of one of its right line dements; a sphere by the projec- 
tion and reference of its centre and that of its great circle 
parallel to the plane of reference. 

26. This method of projection is more particularly ad- 
vantageous in the representation of irregular surfaces wnich, 
like the natural surfaces of ground, for example, are not sub- 
mitted to any geometrical law, and in solving the various 
problems of tangent and secant planes to surfaces of this 
character. These surface^ can, for the most part, be alone 
represented by the projections of the horizontal curves cut 
from them by equidistant horizontal planes, and by suppos- 
ing the zone of the real surface contamed between any two 
horizontal curves to be replaced by an artificial zone, sub- 
jected to some geometrical law of generation, which shall 
give an approximation to the real surface sufficiently accu- 
rate for the object in view. The usual method of doing this 
is to take two consecutive horizontal curves as the directrices 
of the artificial surface of the zone, and to move a right line 
so as to continually intersect each of them, and be perpen- 
dicular to the consecutive tangents to one of them, the upper 
one being usually taken for tms last condition. 

If in PI. 1, Fia. 13, for example, (6.0), (7.0), &c., are the 
projections of the horizontals of a siirface, the zone between 
the curves (6.0) and (7.0) may be replaced by an artificial 
surface, the position of the projection of the generatrix of 
which, at any point of the upper curve (7.0), will be deter- 
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mined by constmctiB^ the horizontal tangent at that point, 
as a^ for example, and drawingoJ perpendicTilar to it and 
intersecting the lower enrve. The position of the generatrix 
a'V at any other point a^ is constructed in like manner. 

27. To obtain any horizontal of the artificial zone inter- 
mediate to the two directrices, it will be only necessary to 
construct several positions of the generatrix, and to find on 
these thepoints haying the same reference as the required 
cnrye. Tne horizontS of the surface (6.50), for example, 
will bisect the projections of the generatrix in its vanona 
positions. 

Problems of Irregular Surfaces and the Right 
Line and Plane. 

28. Proh. 10, PI. 1, Fig. 14. Through a given poiM m 
a vertical plcme which intereects a sfwrface^ to a/raw a tcmgent 
to the cv/rve of intersection ofthepUme a/ad sv/rfa^. 

Let a (5.60) be the giyen point, and ah the trace on the 
plane of reference of the giyen plane. The points where 
this trace intersects the horizontal cnryes of the surface will 
be the projections of points of the curye cut fi-om the surface 
by the plane. 

Let any arbitrary line as a<? be now drawn through a, 
and its scale of decliyity be constructed; and let lines be 
drawn between the points haying the same references on ac 
and on the horizontal curves where ah intersects them. These 
lines will be theprojections of horizontal lines and will gen- 
erally make different angles with a^c. The one as (7.0), 
which makes the smallest angle with it, towards the descend- 
ing portion, will determine tue projection o of the tangential 
point. For, construct the scale of decliyity of the Ime of 
which a (5.50) is the projection of one point, and o {!JS)\ on 
aJ, another. Comparing now the references of the points 
on the line, and which is assumed as the projection of the 
required tangent, with the references of the points of the 
curve haying the same projection, it will at once be evident 
that these two lines have only the point proiected in (Y.O) in 
common, and that every otner point of tne right line, of 
which aob is the projection, is exterior to the curve, and 
therefore the line itself must be tangent to the curve at the 
point determined as above. 

2J. Prob. 11, PI. 1, Fig. 15. To construct the elements 
of a conCy with a given vertex^ whichshaU en/vdope a given 
Sfuaface. 

Let (lO.OV &c., be the horizontals of the given surface; 
and a (6.0) tne projection of the vertex of the cone. 

From a^ draw Imes oJ, ah'^ &c., as the horizontal traces 
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of vertical planes which pass through the vertex and inter- 
sect the snriace. Construct, by Prob. 10, the tangents from 
a to the curves cut from the surface by the planes a5, &c. 
These tangents will be the required elements. 

30. Prob. 12, PL 1, Fiy. 16. Tojmd the curve of inr^ 
tersecHon of a cone ervodqpvng a gvven, 8v/rfaoe Jyy a horizcm- 
toUj^Ume. 

Let (9.0) be the reference of the given horizontal plane. 
Haying found, by Prdbs. 11 and 12, me elements of the cone, 
and constructed the scale of decfivily of each one; then 
joining the points o, o\ o'\ having the same reference on 
each scale as the given horizontal plane, a continuous line 
Tno'^o'on will be obtained, which will be the projection of 
the points where the elements pi^ce the given plane, and 
therefore the projection of the reqirired intersection. 

^ 31. Pr(^. 13, P?. 2, Fig. 1. A Undied extent of aurface 
hemg gwen^ amd apcmt exterior to it, tofnd the Umits loith- 
im, which pl(me8 may he passed through iJds poiM mhd lie 
above all me avoen swffa^. 

Let a (8.0) be the projection of the given point; (10.0), 
(9.0), &c., the horizontals of the given surface, the limits of 
which are the sector contained within the arc BDG, and 
the two radii aB koA aG. 

Taking a as the vertex of a cone which shall envelope 
the given surface, the. dements of this cone can be foxmd bv 
Prws. 11 and 12. Any plane tangent to this cone, which 
does not intersect the surface witmn the given limits, will 
gatirfjT the conditions of the problem. 

Irom the position of the vertex of the cone with respect 
to the surface, it will be seen that a horizontal plane, passed 
through the vertex, will cut from the cone two elements 
which will be projected in the two horizontals ab' and oft" 
(8.0^ of the cone, the first of which will be tangent to the 
horizontal (8.0) of the surface, and the second ab'^ will 
pierce the surface, where the limiting arc BDO cuts the 
same horizontal (8.0) ; and that aU the elements projected 
within the angles Bm and Oab'^ will lie below the- horizon- 
tal plane (8.0). Now, if the elements within these angles 
be prolonged beyond the vertex, they will form two portions 
of cones having- the same elements as the portions below the 
vertex, and it is evident that any plane passed tangent to 
either lower portion, as VaB^ witnin one of these angles, 
will leave this portion below it, and the corresponding por- 
tion, formed by the prolonged elements, above it ; an^ in 
order that this plane shall satisfy the conditions of the prob- 
lem, it must also leave the portions of the cone within the 
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angles Vdh"^ and V^aO^ also below it. The same reasomng 
aj)plie8 to planes passed tangent to the portions of the cone 
within each of the other two angles. It is therefore evident 
that a plane, which shall satisfy the conditions imposed, 
must leave all that portion of the cone which lies above ttie 
horizontal plane (8.0) through the vertex, below it, and all 
the prolonged portions, corresponding to the portions below 
the plane (8.0), above it. 

To find any such plane, let the cone be intersected by a 
horizontal plane, as (9.0), by PTob. 12. This plane will cut, 
from the portion of the cone within the angle Vcib'^ a curve 
of which n(m! is the projection ; the two extreme points of 
this curve, within the limits, being at the porats 7m\ where 
the horizontal (9.0) of the surface cuts the limiting arc; it 
will also cut, from each of the prolonged portions, a curve, 
the one m/r^ and the other mV/ the extreme point m of rwr 
being on the prolongation of the extreme element aO; that 
rn! of the other on the extreme element aB^ on the other 
side, prolonged. Having obtained these three curves, let 
tangent lines, rm. m'8\ be drawn, from the points m andm', 
to the curve rum!. A plane passed through either of these 
tangents and through the corresponding element of the cone 
dB or 08^ drawn through the tangential point, will be a tan- 
gent plane to the cone; and as either of these planes will 
leave the curve rum' on one side of it, and the two curves 
rwr^ and mV, on the other, it will leave all the portion of 
the cone corresponding to the first curve below it, and the 
portions corresponding to the other curves above it; and 
will therefore satisfy the required conditions. The same will 
hold true for any tangent plane to the cone along any ele- 
ment drawn between the points b and %'; since the tangent 
drawn to any point of the curve rum'^ between the points b 
and b\ will leave this curve on one side of it, and the other 
two, m/r and mV, on the other. 

32. Prob. 14, PI. 1, Fig. 16. Through a given, Une to 
poBB a plcme tangent to a Bwrfcbce. 

1st. Let ab be the projection of the given line, and (10.0), 
(9.0), &c., the horizontals of the surface. From the points 
on the line, as (10.0), &c., draw lines tangent to the horizon- 
tals having the same references; the tangent which makes 
with the projection of the line the least angle towards the 
descending portion, will, with the line, determine the reqxm?- 
ed plane. ""^^r:-:^^^.^^^ 

Tor, let the tangent [^^fe^^ one which makes with 

ab the least angle; frgpyljS^f^erpom^ (9.0), &a, of aJ, 
draw lines parauel to.the^angent (10.0) ; these lines will Ue 
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in the plane that contains this tangent and ab^ and will be 
horizontiQs of this plane ; they also lie respectively in the 
planes of the horizontals (9.0), (8.0), &c., oi the surface, bnt, 
since they fall exterior to these horizontals, it follows that 
their plane also lies exterior to every horizontal curve of the 
surface, except at the curve (10.0), and where it touches the 
stirface at the point of contact of its horizontal (10.0) with 
this curve. 

2d. When the line a5, PI, 1, Fig. 17, is horizontal, let 
tangents be drawn to the horizontal curves and parallel to 
cih. These tangents may be regarded as the elements of a 
cylinder which envelops the sunace, the tangent plane to 
which will be tangent to the surface. To find the element 
of contact of the plane and cylinder, let the cylinder and 
given line be intersected by an arbitrary vertical plane, of 
which od is the trace. From the point ^, (6.5), where the 
line pierces this plane, let a tangent line be drawn to the 
curve cut from the cylinder by the plane, by Prob. 10. The 
point of contact witf determine the position of the element 
of the cylinder along which the plane, through aJ, will be 
tangent ; since the tangent to the curve projected in od^ with 
theline oJ, will determine the tangent plane to the cylinder. 

3d. When the line aJ, PI. 1, Fig. 18, is so nearly hori- 
zontal that tangents cannot be drawn from its points, within 
the limits of the drawing, tq the horizontal curves. Let any 
point of the line, as o, v*^)^ ^ taken as the vertex of a cone 
enveloping the surface ; a plane passed through the line and 
tangent to the cone will be tangent to the surface. 

Find, by Proba. 10 and 11, the projection 7mm, of the 
curve cut from this cone by the horizontal plane (8.0) ; from 
lie point (8.0) of ab draw a tangent to rrvm. This tangent, 
with the line aJ, will determine the required plane. 

83. Proi. 15, PI. 1, Fig. 19. To jmd approximately 
the vovnt where a gi/ven rigid Une pierces a swjaoe. 

tet (8,0), (9.0), &c., be the horizontals of the surface, and 
^ the scale of declivity of the line. Through any two 
points, as a (9.0) and c (8.0), draw two parallel fines, as am 
and en, which may be taken as the horizontals of an arbi- 
trary plane passed through the given line. Joining the 
points m, n where the horizontals of the arbitrary plane in- 
tersect the corresponding horizontals of the surface, this 
line nm will be the approximate intersection of the plane 
with the zone of the surface between the horizontals (8.0) 
and (9.0), and the point o where mfn intersects c^^ will be 
the approximate point required. 
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34. JProb. 16, PI. 1, I'ig. 20. To fmd the mtersecHon 
of a plome cmd swrface. 

Let (10.0), (9.0), &c., be the horizontals of the surface, 
ef the scale of declivity of the plane. 

Draw the horizontals of the plane having the same refer- 
ences as the horizontals of the surface, the points of inter- 
section of the corresponding lines will be the projections of 
points of the required intersection. 

When it is desired to find a point of the curve of inter- 
section intermediate to two horizontal curves ; if the refer- 
ence of the required point is fixed, it will be necessary to 
construct, Art. 27, the horizontal of the surface, and the 
horizontal of the plane having this reference; their intersec- 
tion will give the projection of the required point. If the 
reference of the reqmred point is not fixed, draw any gene- 
ratrix, 9Aacoi the zone on which the required point is to be 
found, and by PrcA. 8, Fig. 11, find tiie projection of the 
point, as (?, where ao pierces the given plane; this will be 
the required point. 

35. Appucation of Preceding FToblems. 

The following problems will aid as illustrations of the 

5 receding subject in its application to the determination and 
elineation of lines and surfaced. 

36. Prdb. 1, PI. 2, Fig. 2. Theplme of site of a work, 
the exterior Une amd scale of dedimty of its t&rre-]^Aei^ heing 
gwen; to construct the plane of* the rimvpoH-sMim <md its 
foot; also a ramp of a given incljnation along tnera/mpart- 
slope leadi/ng from the pkme of site to the terreplein. 

Let a (74.50)' and b ^76.0) be the references of two points 
on the exterior line ot the terre-plein, and mn its scale of 
declivity ; let the rampart-slope be f, the declivity of the 
ramp |, its width 4.30 yards; and the plane of site be hori- 
zontal and at the ref. (60.0). 

The foot of the rampart-slope lying in the plane of site 
will be horizontal, and will be determined. Prob. 6, Fig. 8, 
by finding the line of the slope at the re£ (60.0). 

Having the two boimding lines of the rampart-slope, the 
inner line c^ of the ramp is constructed, by assuming a 

Soint Cj on the foot of the rampart-slope, as the point of 
eparture, and determining the line of | drawn from o on 
the rampart-slope by Proh. 3, Fig. 5. Having found this 
line, which is also the line of greatest declivity of the ramp, 
the exterior line ef of the ramp is drawn pa^rallel to it, and 
at a distance 4.30 yds., equal to the width assumed for the 
ramp. The horizontals of the ramp will be perpendicular 
to these two lines. The foot of the ramp, ce, will be a hor-. 
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izontal line, drawn through the point of departure. The 
top of it, df^ will be determined by Prob. Y, Fig. 9, bj find- 
ing the intersection of tiie ramp and the terre-plem, one 
pomt of which will be the point a (76.30), the intersection 
of the inner line of the ramp and the interior line of the 
terre^lein. 

The- ramp is terminated on the exterior, by passing a 
plane through its exterior line ef having the same slope as 
the rampart-slope. This plane will intersect the plane of 
site in a line parallel to the foot of the rampart-slope, and 
the terre-plein in one parallel to the exterior line of the 
terre-plein. 

37. Proh. 18, PI. 2, Mq. 3. Hamng given the Unea of 
the^Hirapet of a work and the scales of dectmity of the planes 
oftts imterior crest a/ad terre^lem^ to deterrrwne the lines and 
, svrfa^ces of a ha^'bett^ in its salient for five gtms. 

Let a6 be the sode of declivity of the plane of the interior 
crest^ which, as the terre-plein is parallel to the plane of 
the mterior crest and 8 feet below it estimated vertically, 
will also serve as the scale of declivity of the terre-plein, by 
subtracting 8 feet from the references of the former to obtain 
the corresponding references of the latter. Having con- 
structed a pancoup6 of 4 yds. in the salient, find the intersec- 
tion of the top simace or the barbette, which is horizontal 
and assumed on the drawing at the reference (82.75) with 
the planes of the interior slope, this intersection will deter- 
mine the foot of the genouillere of the barbette. From this 
last line at the pancoupe set back along the capital a distance 
of 8 T^ds., and from the extremity of this line draw a per- 
pendicular to the interior crest of each face. * The pentag- 
onal figure thus marked out will be the space for the gun in 
the swient. From the foot of each of the perpendiculars 
set off along the faces distances of 12 yds. for the lengths 
along the interior crests to be occupied by two guns on each 
side of the salient. Setting back from the extremities of 
these two last distances perpendiculars to the interior 
OTest of 8 yds. and drawing lines through the extremities of 
these perpendiculars parallel to the interior crests, they with 
the two perpendiculars will mark out the exterior boundiiig 
lines of the barbette. Bv passing planes of j- or 45*^ through 
these exterior lines, and nndiiig by Prob. 7, I^. 9, their m- 
tersiBCtions with the terre-plein, these lines will be the foot 
of the barbette slopes. A ramp having a slope | leads from 
the terre-plein to tne top of the barbette ; the width of this 
ramp is 3.30 yds., its interior line in projection being on the 
prolongation of the foot of the banquette slope. The ramp 
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is terminated by side slopes of |, the intersections of which 
with the terre-plein and the slopes of the barbette and ban- 
quette are found by Prob. 7, Fig. 9. The foot of the ramp 
or its intersection with the terre-plein is also found by the 
same problem. 

As the top surface of the barbette is horizontal, it may 
be necessary m some cases to make the interior crest along 
the barbette also horizontal, in which case the superior slope 
of the parapet along the barbette being higher than the 
rest of it, tne two planes will be connected by a plane of 
45% as at O: 

38. Prob. 19, PI. 2, Mg, 4. To determmie the howndmg 
sv/rfacea of a ramp leadmg vm am, irregula/r surface amd so 
plao^ that its ascis or centre Une shall neo/rh/ coincide with 
me irregvlar surface. 

Let (8.0), (9.0), &c., be the horizontal curves of the sur- 
face, and let a (8.0) be the point of departure or foot of the 
ramp. Assuming the declivitjr of the ramp ^, for example, 
from aj with a radius of 9 umts, describe an arc, and loin 
by a right line the point i where it cuts the horizontal (9.0) 
with the point. Kepeat this construction from h to con flie 
horizontal (10.0) ; and so on to the top e or point-of arrival. 
The broken line Or^k-c-d-e will be the projection of the axis. 
But, to avoid the angular changes of direction, the straight 
portions of th^ axis may be connected at the angular points, 
by setting ojff from &, for example, the equal (fistances ia\ 
hc\ and connectiag these points by an arc of a circle tangent 
•to the striaight portions. The same construction being re- 
peated at the other angular points, the broken line wm be 
replaced by the sinuous line a>a^c\ ifec, as the axis. Having 
determined the axis, the exterior and interior lines of the 
top surface are drawn parallel to the axis, and at a distance 
from it equal to half the assumed width of the ramp. 

From the position of the axis the exterior half of the 
ramp will be in embankment and the interior in excavation. 
To determine the side slopes of the embankment pa^s planes 
through the straight portions of the exterior eidge of the 
ramp, and find by Prob. 6, PI. 1. Mg. 8, the horizontals of 
these planes, and by Prob. 16, Jrig. 20, the intersections^ of 
these planes with the irregular surface. The plane surfaces of 
the side slopes thus determined are connected by curved sur- 
faces which pass through the curved lines of the exterior edge. 
These surfaces may be determined as follows : Take, for ex- 
ample, the point n at the foot of the plane side slope A where 
it cuts the radius through a' prolonged, of the arc a^c'; and 
tjie point on the radius through c^where it cuts the foot of 
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the plane side slope -ff. The Knes of which nv and ou are 
the projections wul evidently have the same inclination, and 
they may be assumed as the lines of jimction of the plane 
slopes A and £ and the curved side slope x. This curved 
side slope may then be generated by the motion of a right 
line which has the top line of which vu is the projection for 
its directrix, whilst in its motion it makes d constant angle 
with the plane of comparison, and its projections are con- 
stantly normal to the arc vu. From the construction com- 
prising these conditions the foot no of the curved portion x 
of the side slope is determined. The same constructions are 
repeated to obtain the portions G of the plane, and y, z of 
the curved side slopes, with the line rnrn-o^q^-B the foot of 
these slopes. 

The side slopes of the part in excavation A\ B\ O and 
a?', y' with the line rnJ-n'-o'-p'-ij^'T' are determined by like 
constructions. 

The portions of the top surfaces of the ramps bounded 
by the arcs of circles are lielicoidal surfaces, ol which the 
axis is the directrix and the plane of comparison the plane 
director. 

The cjirved surface side slopes are also evidently helicoi- 
dal surfaces, the directrices of which are the curved lines 
above mentioned, and the vertical lines through the centres 
of the arcs which are the projections of those curved lines. 

Remarks. In the figure the declivity of the side slopes 
of the embankment is one-half the excavation. The decliv 
ities of the curved portions of the top are ^eater than those 
of plane the surfaces the difference depending on the angle 
between the straight portions of the axis. 

39. Observations on the best mode of executing 
Drawings. 

Accuracy. The first requisite in all drawings is minute 
accuracy^ both in the geometrical constructions, and in writ- 
ing down all letters and numbers which serve either as ref- 
erences, or to give dimensions. To attain this, so far as 
regards the geometrical part, judgment is to be exercised in 
the selection of the means for establishing on the drawing 
, the positions of the various points which are either given or 
to be found; as one method although in theory as correct as 
some other may notj in practice, be found to yield as satiB- 
factory results. The following remarks will serve to illuB- 
trate this point : 

1st. In setting off from a scale of equal parts several dis- 
tanoeSj along a Ime^ whether equal or unequal, the most ac- 
curate *method is to commence by first setting off the entire 
2 
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distance, and then the several parts ; taking care to veriiy, 
from the scfide, the aggregate of the several partial distances : 
thus in the example I^l. 2, Fig, 6, where the aggregate of 
all the partial distances is 60.33 feet, commence by setting 
off the entire distance 60.33 feet ; next 50.33, which is the 
snpaof the two distances 20' and 30'.33, then verify the re- 
maining 10' by the scale. 

2d. WTien a distance to he set off is so smaJl that it can- 
not, be laid down with accuracy by the points of the dividers, 
the folTowing method may be employed : set back, from the 
point from which the required distance is to be set off, any 
arbitrary distance, then set forward, from this last point, a 
distance equal to the sum of this arbitrary distance and the 
one required; thus in PI. 2, Fig. 6, where 2' is to be set off 
from a towainis c, set back n-om a say 30' to &, then from 5 
32' to a 

3d. To set off apovrd at a given perpendicula/r distance 
from a line^ it will mostly be found more speedy, and more 
accm'ate, to take off from the scale the given distance, in 
the dividers, and, setting one point on the paper, bring the 
other so that the arc described by it, with the given distance 
as a radius, shall be tangent to the line, than to ^pploy the 
usual method of first erecting a perpendicular to the line* 
and then settii^ off the required point along the perpendic- 
ular; thus in Jrl. 2, Fig. Y, wishing to set off o at 20' from 
(z5, take 20' in the diviaers, and, by the eye, find where one 
point must be placed so that the other describing an arc will 
touch ab. This method will be found convenient in drawing 
a parallel to a line at a given distance from it by setting on 
another point in the same way, and drawing through the 
two the required parallel. 

4th. In setting off several points for the purpose of draw- 
ing several paral^ls to a gi/oen Une, as, for example, the par- 
allel lines which bound the planes of a parapet, it will be 
found most speedy and accurate to draw first upon a slip of 
smooth thin paper two lines perpendicular to each otner, 
then marking on one of the lines the respective given dis- 
tances of the parallels from the other, and cutting the paper 
close to the fine along which the given points are marked . 
off, so that the strip wnen laid upon the drawing so as to 
have one of its lines to coincide with that to which the par- 
allels are to be drawn, their distances from it can be pricKcd 
off by a sharp pointed pencil, or in any other way. In PI. 
2, Fig. 8, ah is the line of the drawing ; A the strip of paper, 
/<?, yS, fe^ &c., the distances at which the parallels are to be 
drawn from aJ, marked off on the edge oiA perpendicular 
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to the line ^, which line when A is laid on the drawing, 
should coincide with ab. K the line (ib is somewhat long, it 
will be better to set off these points near each of its extrem- 
ities and join them by lines, tnan to draiW the parallels in the 
usual way by aid of the ruler and triangle. 

5th. wKen a jpomt is to he constructed l>y mecms of the 
mtersect^Km of two Unes a^Mtrdrily chosen^ such a position 
should be assumed for the arbitrary lines that they shall not 
form a very acute angle at their point of intersecTToni as in 
that case this point might not be so distinct to the eye as to 
be marked with accuracy. For example, in erecting a per- 
pendicular to a line at a given point, and in like problems, 
in which points are found by the intersections of arcs of cir- 
cles, it will be best and most convenient to take for the radii 
of the arcs the distance between their centres, as the angle 
between the tangents to the arcs at their point of intersection 
mil then be 60°, which is a sufficient angle to give accurately 
the point where the lines cross. In cases like Mgs. 10, 11, 
Arts. 22, 23, the arbitrary lines aJ, a^i\ &c., should be so 
chosen as to intersect the horizontals nearly at right angles, 
and so, also, that the resulting lines, by which the points o, 
o\ are determined, shall not intersect in too acute an angle. 

In all such cases of determining points, and where a point 
is pricked into the paper, it will be found well to designate 
the povrd thus O, by a small circle drawn aroiind it with the 
lead pencil, in order that the eye may see it with more dis- 
tinctness. 

6th. In detemmivng a portion of a Une hy the construc- 
tion of two wrbitra/ry j^nts^ the points should be so chosen 
that the portion required may mil between them and not 
beyond them. In Pi, 1, Fig. 10, for example, if the requir- 
ed portion of the line of intersection of the planes extended 
on either side, beyond ^, or o\ or. beyond both, the lines aJ, 
cd^ &c., should be so chosen as to bring o and o\ as far apart, 
at least, as the length of the required portion of the line 
which they serve to determine. 

7th. if o means bf verifying the accuracy of the construc- 
tion of points, or lines, should oe omitted. In PI. 1, Fig. 9, 
for example, other corresponding horizontals should be drawn, 
and, if the line of intersection determined by the two points 
first found is correct, their points of intersection also will 
fall upon it. In PI. 1, Figs. 9, 10, the scale of declivity of 
the line of intersection being determined, the references of 
the points, where it intersects the scales of declivity of the 
planes, should be the same as the same points on the scalei 
if the line has been accurately determined. A general an 
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minxtte yerification of all the parts of the drawing should be 
made before any portion of it is put in ink. 

Neatness. This is a not unimportant element in the at- 
tainment of accuracy in drawing. A few minutiae, when 
attended to, will subserve this end. 

That part of the paper on which the draughtsman is not 
working should be kept covered with clean paper, pasted on 
the edge of the boara, so as to fold over the drawing, and 
the parts ^hich are finished should be similarly protected. 

Before commencing the daily work the ]paper should be 
carefuUj dusted, and me scales, rules and triangles be care- 
fdUy wii)ed with a clean dry rag. 

As few lines of construction as possible should be drawn in 
pencil ; and only that part of each which may be strictly ne- 
cessary to determine the point sought. As, for example, where 
a point is to be found by the intersection of two arcs of cir- 
cles; when the position of the point can be approximately 
judged of by the eye, only a portion of one arc, which will 
embrace the point, may be drawn, and the point where the 
second arc would intersect the first be marked without 
describing the arc. In JRl. 1, JP'ig, 10, instead of drawing 
the entire lines ab, cd, &c., it would be simply necessary to 
mark the points only where they cut the horizontals ; and, 
in like majmei^ the points o and o^ might be marked withput 
drawing the entire lines. 

No more of any line of the drawing should be made in 
pencil than what is to remain permanently in ink. The ob- 
ject of these precautions is to keep the paper from becoming 
covered with dirt and the lines from being defaced by the 
wear of the paper. 

Inking. . In inking the lines the following directions will 
be found useful : 

Efface carefully all pencil lines that are not to be inked; 
and those parts or the permanent lines which are not to re- 
main, before commencing to ink. 

When right lines are tangent to curves, put in ink the 
curve before the right line; oraw all arcs of equal radii at 
once, one after the other ; if several arcs are to be described 
fit)m the same centre, it wiU be well to put a thin bit of quill 
over the point for the end of the dividers to rest on, to avoid 
making a lai^e hole in the drawing. 

If the drawing is not to be colored with the brush, all 
the lines of one color should be put in before coinmencing 
on those of another. 

If one of the bounding lines of a surface is to be made 
heavier than the others, its breadth should be taken from 
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the STirface they limit and not be added to it ; and when the 
heavy line forms the boundary of two surfaces, its breadth 
must be taken from the one of greatest declivity. 

Ooloxing. When the drawing is to be colored, all lines 
that are not to be black may be put in first with black, mak- 
ing them Y&ry faint, so that they may receive their appro- 
priate color^after the drawing is otherwise completed, 
• No heavy Mhe should be put in until the work with the 
brush is completed. 

When alt» the lines are in, the drawing should be thor- 
oughly cleaned with stale bread-crumb ; and then have sev- 
eral pitchers of water dashed over it, the board being placed 
in an inclined position to allow the water, colored by the ink 
lines, to escape rapidly, and not to discolor the paper. 

In using the brufeh, whether for flat tints, or graded, the 
requisite depth of tint should be reached by a number of 
faint tints laid over each other ; this is especially necessary 
in laying tints of blacks, browns, and reds. 

To obtain an even flat, or graded tint, on dry paper re- 
quires considerable skill. The best plan for this is, first to 
wet with a large brush, or clean rag, the surface on which 
the tint'is to be laid, then, with a ^ghtly moist rag, clear 
the surface of water, and before the paper has time to dry 
to lav on the tint. With this precaution, the heaviest tints 
of Cninese ink, the most difficult of all to manage on dry 
paper, can be neatly laid down. 

Titles, &c. The lettering and numbering of a drawing 
should be in ordinary printed character; this is particularly 
requisite in the numbering, to avoid misapprehensions which 
often arise from individuS peculiarities m writing numbers. 

As has been already remarked, references are written in 
black, within brackets which, when practicable, embrace the 
point referred to. When not practicable, a small dotted line 
may lead from the point to the reference ; thus, . . .(25.50) ; 
but to distinguish references from other numbers the desig- 
nation of the unit is omitted. 

All horizontal distances between points are written upon 
a dotted line drawn between the points, with an arrow-head 
at each end; where several partial distances in a right line 
are marked, it will be also well to mark the total distance : 
the latter may be written above or beneath the former, PI. 
2, Mg. 5. 

In writing horizontal distances, the usual designation of 
the unit, is always written thus, y for yards, ' for feet, &o. 
AU the numbers must be expressed in the same unit ; the 
fractiolial parts being in (iecimals. 
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Eeferences and horizontal distances cannot be too much 
multiplied, in order to avoid misappreliensions, and the re- 
sults of errors of construction, as well as to save the time 
that would be taken in applying dividers to the drawing to 
find from the scale affixed to it the dimensions of any part. 

Scale. A scale very accurately constructed should be 
aflSxed to the drawing before it is cut from tie board ; so 
that the shrinkage of the paper, which is tbout jj^, may 
affect all the parts equally, and the scale thus be made to 
correspond to the real lengths of the lines on ♦the drawing. 
The scale should be divided according to the decimal system, 
as being most convenient for counting off. 

The first division of the scale s&uld fiimish the xmits, 
and also their decimal parts, if the scale bears that propor- 
tion to the true dimensions of the object represented which 
wiU adm^t of these divisions. This first division is numbered 
from right to left, PI. 2, Fig. 9, the zero point being on the 
right, the 10 point on the left ; the succeeding divisions, to 
50 inclusive, should each be equal to the first division, con- 
taining ten units each. The remaining divisions may con- 
tain mby units each. It wiU be seen that any number of 
tens, units, or fractional parts of a unit can thus be* readily 
takeli off from the scale by the dividers. The scale should 
be long enough to give the dimensions of the longest line on 
the drawing. 

The proportion which the scale bears to the true dimen- 
sions of the object should be written above the scale; thus, 
Saoile one mch to ten ya/rds^ or -^^-s. And the designation 
of the unit of the drawing shoixld be annexed to the last 
division on the scale, as yds. for yards,yi5. for feet, &c. 

Ifote. — For more detailed directions on the mechanical 
or instrumental methods of geometrical drawing, see Mahan's 
Indust/ticil Drcmmg. ' 
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STONE CUTTING. 

The object of this Article is to explain the geometrical 
methods oi representing the more nsual and elementary 
combinations of blocks of stone in walls and arches, by 
means of their projections ; and from these and the data of 
the problem to deduce the true dimensions of the bounding 
surfaces and lines of each part. 

Walls bounded by Plane Surfaoes. In walls of cut 
stone' the blocks are usually separated by horizontal and 
vertical joints ; the latter being in vertical planes perpendic- 
ular to the face of the walls, and which are termed jplcmes 
of right aeeiion^ to distinguish them from other vertical 
planes of section. When the face of the wall is inclined to 
the horizon, its slope, or hati/r^ is usually expressed by the 
ratio of the base of the slope to the perpendiculfo*, measured 
in the plane of right section ; or the slope is said to be so 
many base to so many perpendicular. In the right section 



A'B'G'D', {PI. A, Fig. 1,) for example, the inclination of 
the face A'& to the base of the wall A'B\ is measured by 
dividing the perpendicular C'E' from C upon the line J.'-ff , 



by the distance A'E' between the point Jl' and the foot of 
the perpendicular. The quotient ^, thus obtained, is ev- 
idently the natural tangent of the angle G'A'E^ ; and the 
most convenient method of representing the batir is by a 
fraction ; the numerator expressing the number of units in 
the perpendicular, and the denominator the corresponding 
number of units in the base ; thus a batir of f expresses a 
slope of six perpendicular to one base ; a batir of f , one of 
three perpendicular to two base, cfec. 

Prdb. 1. SoArnip given the right section of a waU^ to 
construct the projecttona of its hovmdvng lines ^ <md the edges 
of the JwrizontdH omd vertioaZ jovnts. 

Let A'B'D'G',{Pl. A, Fig. 1,) be the right section ; the 
base A'B' and the top (7'2>' being horizontaT; the face J.' 6^' 
having a batii' rS=f 5 ft^<i ^^ l^ack B jy vertical. 

Draw a lino AA^ , to represent the foot of the face in plan. 
Parallel to AA^ draw CC^ , and at a distance from it equal to 

• See Mahan's Civil Engineering^ Art. 861. 
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JL'jE", the distance of the ^oint A^ from the foot of the per- 
pendicular drawn from G^ in the plane of right section ; V G. 
will be the top line of the face in plan. Parallel to GG, , ana 
at a distance G^D\ the breadth of the wall at top, draw 
BB^ , which will be the projection of the back. 

At any convenient distance from BB, draw A!' A'" par- 
allel to it, to represent the foot of the wall in elevation ; the 
top G'^D" will be drawn parallel to A!'A'\ and at the 
heid|it B'D' of the top above the base. 

To draw the projections of the horizontal edges, suppose 
the wall divided mto four equal courses by horizontal lomts. 
As the batir of the wall is f , the base of the slope of each 
of these equal courses will be one-sixth of its height ; if 
lines therefore are drawn parallel to the foot AA^ , and at a 
distance from each other equal to \ the height of each course, 
these lines wiU be the projections in plan of the horizontal 
edges, as shown on the right of the plan. As the projections 
of the vertical edges are contained m planes of right section, 
they will be drawn perpendicular to the horizontal ones, 
and breakinff joints with them ; as represented on the same 
portion of the plan. 

The horizontal edges in elevation will be drawn parallel 
to A"A"\ and at a distance from each other equal to the 
height of a course. The vertical edges will be drawn per- 
pendicular to these last, and.corresponding to their projec- 
tions in plan. 

Bema/rh. If the projections of any horizontal line of 
the face, at a given neight above the foot of the wall, are 
required, as rrm and w/ n\ for example, it is evident that 
m/'n' wiU be drawn in elevation at the given height above 
the foot A"A!'\ and that mm, will be paraUel to JiA^ in plan, 
and at a distance from it equal to ^ tiie height of ml'n', 

Prdb. 2. Havmg gwen the batir of the faces of two 
waUa that mteraecty the foot of eaxih hemg in the sajne horir 
zordal pla/ne^ to d/ra/w the projed/ions of the line of mteraec- 
tion ojthe faces. 

Let Aa^ {Fig. 1,) be the foot of one waU in plan, and the 
batir of its face f ; ah the foot of the other, and the batir of 
its face \. 

It is evident that the point a will be one point of the 
intersection in plan. If now a horizontal line be drawn in 
each face at the same altitude, they will intersect and give a 
second point of the intersection of the faces. Assuming any 
altitude for the horizontal line on one face, its projection 
rrm^ in plan, will be parallel to Aa^ and at \ of the assumed 
altitude from it. In like manner, the projection no of the 
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corre^onding line on the other face having the.batip { will 
be parallel to a5, and at J. the assumed altitude from it. 
Drawing, therefore, a line through the points a and n, this 
wiU be the intersection in plan. 

To obtain the intersection in elevation, draw th^.foot of 
the wall J.''a' in elevation, also the line m"n' at the assumed 
altitude. The point a will be projected in a\ and the point 
n in 7*7 and the line aWy drawn through them, will be the 
intersection in elevation. 

Prob. 3. To construct the projections of the homtdmg 
lines cmd edges of the Joints of a hittress agadnst the mclm- 
ed face of a gwen waU} the base of ths hutt^ess hemg gweriy 
arm hemg m the samfie horizontal plwae as the hose of the 
Weill; the faces of the TmWress^ its md^ a/nd the top to hme 
given slopes. 

Along the foot AA^ set off the breadth of the buttress 
ad at its base, and construct the two sides dby cd; and the 
end he of the base. Let the batir of the face of the wall 
be \ ; that of the two faces and the end of the buttress \ ; 
and that of its top j. 

By Prc^, 2 construct the projections, in plan and eleva- 
tion, of the intersections a^, a'e^^ and dh^ ah\ of the faces 
of the buttress and wall; and those If Vf\ andc^, (?y, of 
the end and faces. 

To const/rvAst the projections of the tc/p sfwrfaoe of the 
hiH/ress. 

Suppose that the tojp line of the buttress eh^ e^h\ where 
it joins the wall, is ol the same altitude as the top of the 
wall ; and that the top surface from this line outwards from 
the wall has the given slope \. Now, if a line as y'sf 
be drawn parallel to efN the top line, and at any assumed 
distance below, it, this line may be regarded as the proje(lkion 
of a horizontal line in the top surface of the buttress ; and 
its corresponding projection in plan will.be a line yz parallel 
to eh^ and at six tmies the distance from it that y'z^ is below 
e'N. Having drawn thest two lines of indefinite length, 
construct the projections of the horizontal in the face ofthe 
buttress which is at the same distance below the top. The 
projection in elevation wiU be a continuation of the same 
line y'z\ and in plan its projection will be parallel to the 
foot a&, and at a distance from it equal to ^ its altitude 
above it. Drawing an indefinite line oyy parallel to ah at 
this distance from it, the point y, where it intersects the line 
yz^ will be a point of the projection in plan of the intersec- 
tion of the top surface ana face of the Duttress. The point 
e is another point ; joining e and y by a line and prolonging 
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it imta it intersects the projection of the intersection of the 
fiwje and end at /, this line ef will be the projection of one 
side of the top surface in j)lan. The other side hzq will be 
fonnd b^ a like construction. The points f and g being 
joined will be the projection of the end of the top surface. 

To obtain the corresponding lines in elevation ; the points 
y and z are projected into y' and z\ the points ^, y\ and A', 
0^ are joined by lines which are prolonged to meet the lines 
which are the projections of the exterior ed^es of the but- 
tress at f and /, which correspond to / ana g in plan, and 
the points f and g[ are joined; e'f^g[n! is the elevation of 
the top surface. 

The projections of the ed^s of the vertical joints in plan 
will be perpendicular respectively to the lines tc and cd^ and 
breaking joints as shown on the right portion of the plan. 
The projections of these lines in elevation will be found by 
jwrojecting their extremities into the corresponding projec- 
tions of flbe horizontal edges in elevation, as shown on the 
elevation of the face and a portion of the end, on the right. 

Arches. To fecilitate the geometrical operations for de- 
termining the bounding surfaces and lines of the voussoirs of 
arches, a few preliminary problems and theorems, on which 
these operations are based, will first be explained. 

Prob. 4, ^PZ. -4, Fiq. 2.) Samn^ gwen a semi cylmder, 
the right sechon of wkwh ts a semiot/rde^ and its cms and 
two ioimdina dements being horizontal^ to construct the pro- 
jections of the ifvtersection q)^ the cylmder hy apla/n-e incUned 
to its aosis am.d hamng a given inclination to the horizontal 
plane containing the aoois; also, the prcjectnon of the inter- 
sect/ion of this send cyWnder vMh another semi cylinder with 
a semicvrde also for its right section, the axis akd JH/wnding 
deii9ents of this last heing in the same horizontcd pUme as 
those of the first: amd then to devdop the ^portion of the 
first semi cylmiaer which Ues ietween the gwen plan^ <md 
the other cylinder. 

Let a'c'V be the right sectionlfcof the given cylinder, and 
& its centre; the line a^V being horizontal. Let a' A and 
VB be the horizontal projections of its bounding elements, 
and o'O that of its axis. Let db be the trace of the given 
inclined plane on the horizontal plane of the bounding ele- 
ments ; AB one of the bounding elements of the other cvlin- 
der, and ZJlf its axis. The quadrant AL' the half ol the 
right section of this cylinder ; L the centre of this quadrant. 

1st. Taking any two elements of the given cylinder, at 
the same heiffht, as aj'a?, and y'y^, above a^V, they will be 
projected in plan parallel to the axis o'€, and will be drawn 
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indefinitely throngh the points », and y,. The riven inclined 
plane will cut these elements at the same height »'»„ and if 
the projection m/ oi b, horizontal line in this plane, at the 
height m'x^^ be drawn, the points x and^y, where it cuts the 
two elements of the cylinder, will be two joints of the re- 
quired projection in plan. To construct tms line a?y, let the 
fiven inclination of the plane be | ; the projection of this 
orizontal line, which is at the height x'x^ above the foot ah 
of the plane, will be {Prob. 2) paraUel to fl^, and at a distance 
from it equal to i of x'x^ \ drawing therefore xy parallel to 
dh^ and at this distance, it will be t£e required projection in 
plan. The points x and y thus found will be two points of 
the projection in plan required. In the same way any num- 
ber of points can be found, and the curve axcyb^ traced 
through them, will be the required projection in plan. 

The construction just explained, although verj^ simple, 
may be abridged as follows : TThrough a' draw aJt' perpen- 
dicular to a'h \ prolong y'x' to the left, and set off from m"\ 
where it cuts aj\ the distance m"'x"' eq|ual to mx^ as before 
found. Through a'x'" draw the indefimte line a'ef. Now, 
to construct the projection of anv other point in plan, as o 
on the elem^it at the height c' ; tnrough d draw a line par- 
allel to a'Vj take the part d"c'" intercepted between a'f and 
a^e' and set it off from Oy where the projection of the ele- 
ment through o' cuts ab^ to c along the projection of the ele- 
ment ; c wul be the required point. Tms is evident from 
the relations which the heights and horizontal distances con- 
sidered bear to each other. 

2d. To find the projection in plan of the intersection of 
the cylinders. Draw AJD perpendicular to AL, If a dis- 
tance Ar" equal x'x^ is set off on this line, and a parallel to 
AL be drawn, through r'\ the point u" where it cuts the 
quadrant will give the point on it through which the element 
of the second cylinder, at the height x^x^ of the two elements 
at xf and y\ is drawn. Through u" drawing an indefinite line 
parallel to ABy the bounding element of the second' cylin- 
der, it will be the projection m plan of the element at the 
height Ar"z=zxfx^ ; and the points w and ^, where it cuts the 
two projections of the elements of the first cylinder at the 
same height, wiU be two points of the required projection. 
In the same way other pomts would be found, by construct- 
ing the projections in plan of corresponding elements on 
the two cylinders. 

This operation, like the former, may be also abridged as 
follows: Through J>' draw a perpendicular Vd' to a*h'. With 
a radius equal to AL describe a quadrant tangent to Vd' at 
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&'. Now, if g&'y^ be prolonged to the right, it is evident that 
the distance r'"u"'^ intercepted between id' and the quad- 
rant, is equal to r"u'\ or to rw. In like manner, the point 
C in plan is obtained by setting off from tj on the element 
AB and alon^ c?(7, the distance tC'=t'C'. The cmyeAwCvB^ 
drawn throng the points thus determined, will be the pro- 
jection in plan of the intersection of the two cylinders. 

3d. To make the development of the portion o£ the cyl- 
inder which lies between the two intersections thus deter- 
mined, it will be necessary to obtain the distances of the 
points of these t^o intersections from a curve of right sec- 
tion ; since the tangent to this curve at any point bemg per- 
pendicular to the element of the cylinder at the same point, 
the curve when developed will also be perpendicular to the 
elements when developed, and will therefore develop into a 
right line. 

To determine the relative positions of these curves in 
development ; first develop the curve of right section a'cfh'j 
on the line a'V prolonged to the right, by setting off the dis- 
tances I'y"^ Vc'\ &c., to a", equal respectively to the lengths 
of the arcs Vy\ Vc\ cfec, to a'. Through the points y", c'\ 
ifec, draw lines perpendicular to Va" ; these will be the de- 
veloped elements of the cylinder through y\ c\ &c. Set 
off along these lines the distances y'^v^ j <?'' ^ > &c., respectively 
equal to the distances y^^ o'C^ &c., and through the points 
-"> i^i, (7„ ««?j, -dlj, draw a curve. This is the developed inter- 
section of the two cylinders. Make the same constructions, 
on the same developed elements, with respect to the distances 
of the points y, <?, a?, a, from a'T>' ; the curve hc^a^^ drawn 
through these points, will be the developed intersection of 
the oblique inclined plane and the cylinder. 

In like manner, if the given cylinder were cut by a plane 
perpendicular to the horizontal plane and oblique to its axis, 
of which dby for example, is the trace, the developed curve 
of its intersection would be obtained by setting off'^along the 
developed elements the distances of the points a^ m, o, &c., 
from a 5', and through the points thus determined drawing 
a curve ho^a^. • 

Eema/rk. The curve of right section in development 
serves only as a fixed line from which the relative positions 
of other points, with respect to it and to each other, can be 
determined; since it develops into a right line, and the 
elements in development are perpendicular to it. The posi- 
tion of this curve ma^ be therefore fixed arbitrarily, as may 
be found most convenient for the purposes of the drawing. 
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Prdb. 6, {PI. A, Fig. 4). Let the semicipcle AC'B be 
the curve of intersection of a given semi cylinder by a ver- 
tical plane, the diameter AB^ beinff horizontal, and suppose 
the bounding elements through J. and B' to be limited at 
a horizontal plane at the distance AA below A!B\ and to 
perce this plane at the points J? and D^ on a line parallel 
to AB and at a given distance from it ; these elements being 
oblique both to me vertical plane and to the horizontal plane, 
and thdtefore not projected on either into their true lengths. 

Let LM be the axis, and ED a boimding element of 
another semi cylinder, the right section of which is a semi- 
circle; LM and ED being also in the given horizontal 
plane. 

It is proposed^ with these data, to jmA the lengths of the 
eleTnerda of the oblique cyUnder intercepted between the ver- 
tiealpla/ne of A'B'O' and the horizontal cyUnder; the curve 
of rtght section of the ofMque semi cyhmder at amy assfwrnsd 
povmt; amd the development of the portion of it which lies 
between tlSe gvoen vertical plane ana the horizontal semi cyl- 
inder. 

1st. The simplest method of finding the true lengths of 
the elements between the vertical plane tod horizontal cyl- 
inder will be to construct their projections on another vertical 
plane parallel to them. Let B^oe the trace of such a plane 
on the horizontal plane containing the axis ZM of the hori- 
zontal semi cylinder, and Be' its trace on the given vertical 
plane. This assumed plane cuts from the horizontal semi 
cylinder an ellipse of which jOiTis evidently the semi trans- 
verse axis, ana the radius of the semi cylinder, which is 
equal to the distance between the axis and the bounding 
element ED^ is the semi conjugate; setting off this distance 
from JV to i\r', on a perpen<Kcular to Dlfy and describing 
the miadrant of an ellipse DJUf'y on these lines as semi axes, 
it wm be the half of the curve cut from the semi cjrlinder, 
and will be its position when the plane in which it lies is 
revolved around its trace BJN' to coincide with the given 
horizontal plane. In this revolved position of the plane, the 
line Be' J in which it cuts the given vertical plane, will be 
found in BC" perpendicular to SJHT. As this plane contains 
the bounding element of the oblique semi cvlinder projected 
in BDy this element will be found in DB when revolved- 
the height BB" being equal to BB'y the height above AJB 
in whicn the element pierces the given vertical plane. 

Now, if any other vertical j^ane be passed parallel to 
the one asgumed. as that of which OG, , and 00'^ parallel 
respectively to J^iT and Be' are the traces, it will cut from 
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the horizontal semi cylinder an ellipse, equal to the one 
abeady described; and from the given vertical |)lane the 
line VG'*^ and, as it contains also the element projected in 
(7(7i, by revolving this plane also, like the last, tracing the 
quadrant of the ellipse cut out, the line 0^(7 V and the element 
in their revolved positions; the portion of this element be- 
tween the vertical plane and tne horizontal cylinder may 
thus be determined. In like manner, t^ cofrresponding 
lengths of any other elements, as those which are projected 
in "rrmi^ , and ivn,^ , might be found. But as these successive 
operations would be long, a more simple and expeditions 
method is resorted to, as follows: As the elements of the 
horizontal semi cylinder are parallel to the given vertical 
^lane, if aU the points on this plane and cylmder are pro- 
jected on the assumed vertical jplane of whicn BN and Bef 
are the traces, by a system of hnes oblique to this plane and 

Sarallel to the elements of the horizontal cylinder, it is evi- 
ent that all the ellipses^ cut from the horizontal cylinder 
will be projected into the one cut from it by the assumed 
vertical plane ; that all the lines, as CG\ rnrn^ rm\ &c., cut 
from the given vertical plane, wiU be projected in Be' ; and, 
in the revolved portion of the assumed vertical plane, will 
be fotmd in* BO^' ; whilst the portions of elements of the 
oblique semi cylinder, which lie between the horizontal semi 
cylinder and the given vertical plane, will be projected on 
the assumed vertical plane in their true lengths, and, in its 
revolved position, wiU be found parallel to S"i), and drawn 
through points n"\ 0"y &c., at the same height above B^ on 
the line BG'\as the corresponding points m\G'j n\ are 
above AB. Drawing these parallels, the portions n'"m , 
(7" (7'", &c., between flie line BG'' and the curve DiT', will 
be the lengths required. 

As there are two elements on the oblique semi cylinder, 
one on each side of the highest one, projected in GG^ , ss 
those projected in mm^ , and nn^ , which are of the same alti- 
tude, the lines B"I)^ n'"m'\ &c., will be respectively the 
revolved positions of the projections of the corresponding 
pairs of these elements. 

Rema/rk. By using the system of oblique projecting 
lines, instead oi the usual mode of perpendicular ones, 
the relative positions of the lines projected are not changed, . 
since these lines, being all parallel to the assumed veartical 
plane, will be projected on it in their true lei^gtiis, whether 
the projecting lines be oblique, or perpendicular to this 
plane. By the system of perpendicular projections, a sepf^ 
rate construction, like the first, would have been requisite to 
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detennine eaeh element; whereas by the obU<]|ne one used 
the. oanstraction of one ellipse DN^^ and of the line BG" axe 
alone sufficient. 

2d. The curve of right section must lie in some plane 
perpendicular to the elements of the oblique cylinder. To 
nx such a plane, draw a line Jn^j^^-pendicuw to the pro- 
i^stions or the el^nents on the horizontal plane; and ^om 
z^ where it cutS'jS2>, another Hue ZZ perpendicular to the 
projections of the elements on the assumed vertical plane. 
These two lines may be taken as the traces of a plime on 
these two planes; and, as these traces are perpendicular to 
the pro^tions of the elements on the two planes, the plane 
itself will be perpendicular to the elements, and will cut 
from the eylihaer a right section. 

To construct this curve of right section, it wiU be neces- 
sary to find, in the first place, on the assumed vertical plane, 
the projections of the points in which the elements of the 
oblique semi cylinder pierce the jplane of right section. To 
do this, it is evident that the vertical planes which contain 
these elements, as the one, for example, of which CO^ and 
00^ are the traces, cut the plane of right section in lines 

Sarallel to JTZ, its trase on the assumed vertical plane. To 
nd the projection on this plane of the line cut out by the 
vertical plane -of which GC^ and GG' are the traces^ it is 
plain that the point ^, where the horizontal traces Xl and 
CG^ intersect, will be one point of the required line. This 
;point, being in the assumed horizontal plane, will be pro- 
jected into the line BN^ the ground line of the assumed 
vertical plane, at ^^ by drawing a line through z parallel to 
AB^ according to the method of obliqueprojections adopted. 
If from z* a line be drawn parallel to TZ, this line z'^' will 
be the required projection of the line cut from the plane of 
right sectum by the vertical plane which contains the ele- 
ment projected in GG\ The point «", where this line cuts 
G"G^^ the projection of this element on the assumed verti- 
cal plane, wiU be the projection on this plane of one point 
of the curve of right section. In like manner, projecting 
the points X a?, y, cfec, into the ground line -B-Zv at X'jx\ 
y', &c., and, from these last points, drawing parallels to xZ, 
the points -T', »", y"^ &c., in which they cut the correspond- 
ing elements in wojection, wiU give other points ; and the 
ctirve JT V«'y jT wiU be the projection of the curve of 
right section required. 

Remmk. Since the elements are projected on the as- 
sumed vertical plane into their true lengths, it is evident 
that taking any point of this projection of the curve of 
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right section, as x" for example, the distance o/W^ will be 
the true diatanee of the point of which x" is the projection 
from the horizontal semi cylinder, as measured on me ele- 
ment projected in t*" W ; and a/ V will be its true distance 
from the vertical plane containing the Semicircle A'G'B*. 
In like manner, the true distances of other points of the 
curve of right section from this plane and from the horizon- 
tal semi cjmider measured along the elements may be found 
from the projection of this curve. 

Having found the projection of the curve of right sec- 
tion, the curve itself can be found by revolving the plane 
of right section upon the horizontal plane around its trace 
Xz. The distance zz^ of the point projected in z" from 
XJ^is evidently equal to SfV, since this line is the pro- 
jection, in its true length, of the one in the plane of right 
section drawn through the point z in the vertical plane 
containing the element projected in GG^. In like manner, 
the distances XZj, (wa?,, yy„ being set off from XZ", alone 
the perpendiculars to it throu^ these points, and equtd 
respectively to the distances X'X!\ afxf\ &c., the curve 
X^x^^^ Y^ wiU be the required one. The line X^ Y^ which 
corresponds to X" Y in projection will be the diameter of 
this curve. 

8d. Having the curve of right section in its true length, 
as weU as the el^nents of the oblique cylinder, and the 
points where they csoX this curve, it wiU be easy to make 
the required developments which, for convenience, wiU be 
done on the assumea vertical plane in its revolved position. 
To do this set off on the line YZ^ from the point Y^ the 
distances Yz^^ Z^a?„ YX^ respectively equal to the arcs 
^i^a^ ^x^%i &c-> of the curve of right section. The right 
line YX^ wiU be the development of this curve. Through 
the points «„ a?„ &c., thus set ofll draw perpendiculars to 
YX^^ these will be the indefinite lengths of the developed 
elements drawn through the points 0„ »„ &c. From these 
last points set off z^G^^ z^G^ respectively equal to z"G" and 
z"G ; in like manner, set off the distances x^n^ and »,m, 
respectively equal to a?'V" and x"m"\ &q. The curves 
B"G^n^A^ , and BG^mJE,. wiU be the developments respec- 
tively of the semicircle A!G'B\ in which the oblique semi 
cvlinder cuts the ^ven vertical plane through Am^ and of 
tne curve in which it intersects the horizontal semi cylinder. 
The developed portion of the oblique semi cylinder which 
lies between these curves and the dteveloped positions B^D 
and AJE^ of its bounding elements will be the one required. 
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4th. To obtain the horizontal projection of the curve in 
which the semi cylinders intersect. Project the points C'".^ 
m'\ &c., into Dlf^ by perpendiculars ; from the footj as (7„ 
of each perpendicular draw an obliqne projectii^ line 
parallel to JlB; the points, as C^^ n^^ m^^ &c., in which these 
intersect the projections of the corresponding elements, wiU 
be points in the required projection ; and the curve J)n^ G^mJE 
will be the one required. 

Theorem 1, {PI. A, Fig, 3.) If the lines AB and DE, 
whioh bisect ecboh other (ma are horvzordoil^ are the t/raaxmeTse 
axes of t/ux> semi dUpses, iJie pkmes of the two curves being 
vertioaij and hamng the same semi com 
the point O, then will the Jmes whim join the points of the 
curves ai the same heiaht above the Iwrizontat plane of the 
i/ra/nsverse oases be paraud to each other. 

Let A'O'B' be the projection of the semi elliijse, having 
AB for its transverse axis, on a plane parallel to itself; ana 
let the other curve be revolved about the common semi 
coniugate into the plane of the first and*be projected into 
D'U'£'. Drawing any line, as m!n\ parallel to A'B\ it 
wiU cut the two curves at the points m\ n\ and o\p\ at 
the same height above the horizontal plane ; the first two 
being projected horizontally in m and n; the second in Oj 
and^i m the revolved position of the second curve, and in 
and ^ in its original position. Joining the points o and 
m, also p and n, then will these lines be parallel to each 
other, and to the lines AD and EB which join the lowest 
points of the two curves. For, from the properties of two 
ellipses having a common conjugate axis, me corresponding 
ordinates of me curves to this axis wiU be proportional to 
their semi transverse axes ; that is, 

m' \€p' :: C'^B' \ C'E'i 
oTyOn'.Cp :: OB : OE; 
by substituting the equal lines in horizontal projection. But 
when this last proportion obtains, the lines pn and EB are 
parallel. In liisie manner, mo may be shown to be parallel 
to ADj and consequently to EB. The same holds true for 
the lines mp and on, with respect to AE and DB. 

It follows from this that two semi ellipses, having the 
above conditions, will be the curves of intersection oi two 
semi cylinders, the axes of which lie in the horizontal plane 
of the transverse axes of the curves, and are parallel respec- 
tively to the lines joining the extremities of these axes. 
The converse of this proposition is also evidently true, viz. : 
if the axes of two eUiptical or circular semi cylinders lie in 
the same horizontal plane and intersect, and the highest ele- 
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mcnt of each is at the same height *above this plane, then 
will their curves of intersection be plane curves, and be pro- 
jected on the horizontal plane in the two right lines which 
join the opposite points of intersection ot the lowest ele- 
ments. 

Theor. 2, {PI. A, Fig. 6.) Let A'O'B' he thfi ^erHcal 
prelection of a semi dtmae situMed in a verticcA pkme^ of 
which AD. jpa/raUd to A'B', is the horizontcA tro/ce; <md let 
the point O, on the perpendicvlwr 00 to AB whiich Insects it. 
he the horizontal jyrqjection of a vertical line through O, amd 
let the semi dlijpse <md this vertical he tahen as the di/rectrices 
6f a surface^ generated hy momrtg a Une pa^ciUd to the hor- 
"izOTvtal ]^Lam/e^ am,d w earn of its successvm positions imLchim>g 
the vertical ak O amd the semi efH/pse^ thm will amy section 
of this sfwrface hy a pUme^ as ad, parallel to the plxme of 
the dl4pse^ he also am, eGjpse of which the Une ab intercepted 
hetween OA a^ OB, ^D^U he one axis^ and the Une O'O' equal 
to the other semi a/xis. And a tam^genl Une drawn to this 
ellipse at amy pointy as the one projected im, n, n', wUlj^ierce 
the horizontal plam^ im, a Une OD, dra/wnfrom the point O 
to thepoiml D, wJiere a tomg&nt to the di/rec(mg ellmse at the 
point projected im, m, m', at the same height as n', also pierces 
the horizontal plams. 

1st. Throngh the point projected in w, n\ draw the pro- 
jections Om and o^m/ of an element of the surface, and 
project the line ah into a^V. As the lines BO and oo are 
parallel, there obtains 

BG : ho :: mC : no; 

but BO—B'O': ho-h'(y, and mG^m!o'; no^n'o'; 
therefore, B'O' : VO' :: mV : nV, 
which shows, from the properties of ellipses having a com- 
mon axis, that the curve Vn'C is an ellipse. 

2d. Let tangents be drawn to the two ellipses at the cor- 
responding points rn! and n\ at the same height above A!B'. 
These tangents will intersect the common axis at the same 
point E\ and the other axis at points D' and d' such, that 

O^iy \ 0'd'y.m'& : Wo'. 
Projecting the points D' and d' into the respective planes 
of the two ellipses at D and <?, and observing that O'D'^- 
CD; 0'W-=^od} m'o''=^mO; 2:cAn'o'^no; there obtains 

CD : Gm :: od\ on; 
that is, the line joining the points D and d passes through 
the point O. 

Itemmk. This surface is a right conoid of which the 
horizontal plane is the j?Zan^ dwector. 
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Prdb, 6. To construct a tangeni jpimie and a normal 
Une to the conoid at amy pomt^ as b, n\ 

Draw the projections of the element Om^ o'ml of tli© 
surface at the given point. Find where the tangent to the 
directing ellipse at the point m^ m' pierces the horizontal 
plane. Join this point x) with O. Throngh n draw a par- 
allel to CZ>, and where it cuts OD^ at d^ £aw a line X.Y 
parallel to Om, This is the horizontal trace of the tangent 
plane at n^ n\ For the tangent line at the given point to 
the ellipse projected in ab pierces the horizontal plane at d^ 
this is therefore one point of the horizontal trace required, 
imd as the element of the surface is contained in the tangent 
plane and is horizontal the trace XT^will be parallel to Om. 

The line sVj drawn through n perpendicular to X 2^, is 
the indefinite projection of the normal to the surface at 
fi^n • 

Prdb. 7^ {PI, A^ Fig. 6.) To dranjo a tcmgenipUme and 
a normal hne to a hdicoidal surface at a given jpoint on the 
mn/rface. 

Suppose XYZ^ the involute of any given curve mz^ to 
be the base of a vertical cylinder ; and !fet the line Zy^ tan- 
gent to this curve at Z^ be the horizontal trace of a plane 
tangent to the cylinder along the element projected m Z/ 
and in this tangent plane, revolved on the horizontal pls^e, 
let any inclined line Zy" be drawn through the point Z. It 
the tangent plane be now returned to its vertical position, 
and be wrapped around the vertical cylinder, the inclined 
line Zy[' will form a helix on the cylinder, and the points 
y^\ w , &c., in their position on the cylinder, will be pro- 
jected into its base, at the points Yj m, &c. ; such that the 
ar<» ZY^ Zniy will be equal to the distances Zy', 2m\ &c., 
from Z to the projection of these points in the tangent 
plane into its horizontal trace. If a right line be moved 
along this helix so that in all its positions it shall be parallel 
to the horizontal plane, and be projected on this plane in 
lines as Z^,, ly, normal to the curve XYZ^ this line will 
generate a helicoidal surface, the elements of which will be 
normal to the cylinder of which XYZ is the base, and tan- 
gent to the one of which ^eyz^ is the base. 

Let the point projected in Z", and which is at the height 
yiyf' above the horizontal plane, be the one at which it is 
required to construct a tangent plane^ and a normal line to 
the surface. As the helix makes a constant angle, equal to 
the one Zy*'y'\ with the elements of the cylinder, at the 
points where they intersect; and as a tangent to the helix 
at any point makes the same angle as the helix does at this 
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point with the element of the cylinder ; it is evident that 
the tangent to the helix, at the point projected in Z", will 

Sierce the horizontal plane, at a point 0, on the tangent 
rawn to the curve at Z", at the same distance from thia 
point as the distance Za/'z=ZY. This point z wiU therefore 
be one point of the horizontal trace of the required tangent 
plane. But, as the tangent plane contains the horizontal 
element.of the surface at the given ^oint, its trace on the 
horizontalplane will be. parallel to this element. Drawing 
a line A Jt through z parallel to Jy, this will be the trace 
of the reqmred plane. The normal will evidently be pro- 
jected in Yz, as this line is perpendicular to AB tne requir- 
ed trace. » 

To find the true length of this normal let CZ>, parallel 
to Yz^ be the trace of a vertical plane. The element through 
the given point wiU pierce this plane at a height YY above 
GD equal to y'y" . The normal line wiU be projected on 
this plane in its true length, and will pass through the point 
Y. But, as the vertical plane through GD is jJso perpen- 
dicular to the tangent plane at the given point, the line 
Yz' will be the projection as well as the trace of the tangent 

5 lane on this vertical plane. The line YS drawn perpen- 
icular to Yz' will therefore be the indefinite projection of 
the required normal in its true length. 

Bemarh, The traces of all tangent planes to the surface, 
at points on the element .considered, will evidently be par- 
allel to Jy, the projection of this element; and the trace 
of any one may be readily found by means of the point z. 
For, through y, where the projection of the element is tan- 
gent to the curve xyz^ through the point z draw an indefinite 
line yy^; then if at any point on the OTojection of the ele- 
ment Yy a line be drawn parallel to 7^, the projection of 
the tangent at Y^ the point where this parallel cuts yy^ will 
be a pomt'in the horizontal trace of the tangent plane at 
fche assumed point. This may be readily proved as follows : 
Let the tangent projected in Yz^ and the element of the 
cylinder projected in y be taken as the directrices of a warp- 
ed surface of which the horizontal plane is the plane director. 
This warped surface will be tangent to the heEcoidal surface 
throughout the entire element projected in Yy; for they 
have the same plane director; a common tangent plane at 
the point projected in Y; and also one, whidi is vertical, 
at the point projected in y. Now, as the warped surface in 
question is a hyperbolic paraboloid, any vertical i)lane par- 
allel to Yz will intersect it in a right line which will cut the 
element projected in Zy, and pierce the horizontal plane in 
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the line w, where the trace of the assumed vertical plane 
cuts it. jSiis point will therefore be a point in the trace of 
a tangent plane to both surfaces at the point where the line 
cut from the hyperboUc paraboloid intersects the element 
common to the two surfeces, and along which they are 
tangent. 

l^Tob. 7, PI. 1. To construct the projedAona <md true 
dimensions of the howndmg Unes and smfdces of the voris- 
soirs of a korizoviolf'kM centime a/rch. 

Tms problem comprises several cases, according to the 
character and the positions of the surfaces whidb form the 
ends or heads ^of the arch. 

Case Ist. The arch hemg termmated cut one end ly a ver- 
tical jUcme dbUque to its cms cmd at the other h/ a vertical 
pUmie pervendi&ula/r to the axis. 

Let tne semicircle (Mg. 1) of which JB'O^ is the di- 
ameter, be the right section of the soffit of the arch, and 
haviQg divided it into any odd number of equal parts, as 
five for example, draw through the points of division JE\ 
F\ &c., radii which prolong to the semicircle described on 
A!D as a diameter. These radii will be directions of the 
joints in the right section, A^B' being their common thick- 
ness. Throuffh the points A\ I\ G\ &c., drawing vertical 
and horizontal lines, they will be the exterior bounding lines 
of the voussoirs in right section ; the line K'K'' which 
bounds the top of the keystone being assumed at pleasure. 

Let AD \Fig. 2) be the trace on the horizontal plane 
oontaininff the axis and lowest elements of the arch of the 
vertical plane oblique to the axis which forms the front end 
of the arch, and ad the trace of the one perpendicular to 
the axis that bounds the back end. 

As the edges of any voussoir, as the one of which Q'M' 
N'CyP' (Fia. 1) is the right section, are all parallel and 
horizontal, they will be projected into their true lengths in 
plan between the two traces of the end planes. The one 
corresponding to M' will be projected in plan {Fig. 2) in 
Mpnfi, ; that corresponding to ir in N/n^ , &c. 

As all the joints, except the two lowest, are oblique to 
the horizontal plane, their horizontal edges alone are pro- 
jected into their true dimensions in plan. The two lowest, 
corresponding to A'B' and O'D^ are projected into AabB^ 
and VcdD respectively. To find the true dimensions of the 
others, and the development of the soffit, develop in the first 
place the mht section of the soffit, by setting off the dis- 
tances B*E'E'F\ &c., {Fig. 5) respectively equal to 
the arcs B'E\ &c. {Fig. 1); and then, by Fig. 2, PI. J., 
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find the pomt8 -B, -F^ , Jf^ , &c., of the developed ciirve 
ia which the soffit is intersected by the oblique plane of 
the front end; also the right line a, ^/, ^/, &c., which is 
the development of the right section in which it is cnt by 
the plane of the back. Tne snrface bounded by the devei- 
opea curves and tiie two lowest elements of the semi cylin- 
der is the developed soffit. 

To find any oblique joint in^its true dimensions, as the 
one projected in plan between the lines Mpm,. and Np,^ , set 
off from M\ CFig. 5) to the right along M^C a distance 
equal to M' if {Fig. 1), the breadth of the joint. From 
the point iT' (-^^« ^) draw a line perpendicular to B^0\ 
and from iT set off ir iT, equal to nfN^ (Fig. 2). Join the 
points M^W^ ; the trapezoidal figure M^Jy/rhjm, is' the requir- 
ed joint. In like manner the true ahnensions of all the 
other joints are found as shown on Fig. 5. 

Case 2d. The a/rch being terminated a;t one end ly apUms 
obUqne to its cms amd to the horizontal plane of its two low- 
est elements and at the other ly a vertical piUme perpendiGU" 
la/rtothe aode. 

Let AD {Fig. 2) be the horizontal trace of the oblique 
plane, and let the angle which it makes with the horizontal 
plane be f . Drawing any line mo ptoallel to AD (JProb. 1) 
as the projection in plan of a horizontal line of this plane, 
and from any point as ^ a perpendicular Ax to vw^ the 
height of the point x above the horizontal plane wiU be 
three times the distance Ax. Setting off from A^ {Fig. 3) 
the length Ax to a?', at x^ erecting the perpendicular x'x"^*^ 
ZA'xl and joining A!^ a?'', the angle xlAld' will be the angle 
between the obhgue and horizontal planes. Taking now 
the distance Ay {Fig. 2) in which the line vw cuts the line 
Aay parallel to the axis, and setting it off from A^ to y' 
{Fig. 3), erecting a perpendicular yy^^^x^x"^ and joining 
A!y'\ the angle y'A'y" will be the one between. the oblique 
and horizontel planes measured in the vertical plane parallel 
to the axis of which Aa {Fig. 2) is the trace. 

Having drawn the line A'y^\ and the vertical at A\ 
the projections in plan of the points in which the oblique 
termmating plane cuts the boxmding horizontal lines of the 
voussoirs corresponding to the points jE', 1\ F\ cfec. {Fig. 1) 
in right section are readily determined by applying the con- 
structions in Prcf}. 4. Tne points in plan corresponding to 
E' and F {Fig. 1), for example, will be found by drawing 
lines through E\ T parallel to -4y, taking the lengths 
E''E''', A^A'^' and setting them off from i; and 7, (^ig. 
2) from the trace AD to ^and /, along the projections in 
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ptei of the corresponding edges of the voussoirs. The 
carve BJSF, &c., thus obtained, and the pentagonal fibres 
EIHQF^ &C.5 are the p-ojections in plan oi the oblique 
sections of the soffit and voussoirs of the arch. 

RemoftK As a verification of the accuracv of the con- 
structions, the lines lE^ OF^ &c., prolonged should pass 
through the point L where the axis cuts the trace AD; and 
the lines AX SQ-^ &c., should be parallel to -dL2>, as the 
top surfaces of the voussoirs are horizontal planes. 

Case 8d. Ths a/tohhem^ termn^^ 
m in either of thej^eoedmg (xtseSj amdcstihe other extremity 
hy a semi da^cida^ oylindep^ its aads amd two hmndmg de-- 
msnts iemg m the same plane as the corre^pondmg Wifvee of 
the a/roh and perpendi&v^^ to them. 

Let ad {rig, 2) be one bounding element of the ^veh 
semi cylinder. Having set off the radius of this cylinder 
from i), (-^^» ^ ^^ the line A^D prolonged, and described 
a portion of the semicircle tangent to the vertical DN^\ 
draw through the points M\ N\ &c., {Fi^. 1) parallel lines 
to AID. ffy Ptoo. 4 find the projection m plan of hef^ i&c, 
of the curve of iatersection of the soffit of the arch and the 
semi cylinder; also the projections of the points i^ A, g^ &c., 
in which the horizontal edges of the voussoirs intersect the 
semi cjrlinder; the pentagonal figures efghi^ cfec, will be the 
projections in plan of the lines in whi(5i the surfaces of the 
voussoirs intersect the semi cylinder. Any point in plan, as 
n^ is found by setting off a length nin, from ad along the 
projection of the edge corresponifing to iV^, equal to the dis- 
tance JIT' JIT" (FigTl). 

wrk. The lines ei^fg^ 
which prolonged pass through the point 7, in which the'axis 



Hemwrk. The lines ei^fg^ &c., are portions of ellipses, 



of the arch cuts the bounding element ad. The lines gh^ 
no^ &c., are right lines, being the projections of the inter- 
section of the horizontal surfaces of the voussoirs with the 
semi cvlinder. The lines Ai, <>p, &c., are the prmections of 
arcs of circles in which the side vertical planes of the vous- 
soirs corresponding to H^I\ 0'P\ intersect the semi cyl- 
inder. 

The true dimensions of the joints in either of the two 
last cases are found by setting off from the line E'C' {Fig. 
5) the lengths along the perpendiculars, at the points E\ Ty 
&c., which corresi)ond to the distances respectively of the 
points jF, /and d, i, {Case 3rf, Fig. 2) from AfD. 

Bemark. As a verification of and aid to accuracy of 
construction, let a line LI {Fiq. 5) be drawn parallel to the 
edge JfaT^m and at a distance nx>m it equal to EM* {Fig. 1) 
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the raditis of the right section; the ri^ht lines JfiT and 
MyJ^^ prolonged should intersect the line £1 at the same 
point Z^snch that the laigth 22 {Fig, 5) shall be the same 
as IZ {Fig. 2). In like manner tae cnrve nu/m, prolonged 
dionld intersect the same line IZ at the point I which cor- 
responds to the one I {Fig. 2). Similar constractions of 
verification will be fonnd on Ft^. 5 {Pie. 3 and 4). 

From an examination of Fig. 2 it wiU be seen, that the 
projection in plan of the voussoir corresponding to M^JPO\ 
&c., {Fig. 1) m right section, will in Case 3d be bounded on 
one end by the figure MNO^ &c., on the other by the one 
mm?, &c. ; and by the parallel lines which join the corres- 
ponding points Mm^ im, &c. 

Aj^pkcaidon. Having found the principal dimensions of 
the voussoirs, let it be required to cut fi-om a single block of 
stone of the form of a rectangular parallelopipedon the 
voussoir corresponding to M'N*0\ cfec, {Fia. 1) m Case 8d. 
Drawing a line S^T Sirough Q^ perpendicular to O^F^yBni 
prolongmg O^JV' to i?' on the line &-awn through Jf ' par- 
allel to O'F' the rectangle B'F will evidently be the di- 
mensions of the end of the block within which the voussoir 
in ri^ht section can be inscribed. The dimensions of the 
lengm of the block will evidently be determined by drawing 
through the point Q {Fig. 2^ a line R'Q parallel to to. 
Having inscribed on the ena of a block of the form and 
dimensions thus found, the figure in right section, the blocl: 
would be prepared by cutting away those portions, as 
M'S!Q\ &c., which are exterior to the figure. This being 
done, thepornts' correspondi^ to J/, N^ 0, &c., and m, n^ 
d, &c., {Fig. 2) can be set on on the corresponding edges, 
and the two ends of the voussoir, the one terminated by 
the oblique plane, the other by the semi cylinder, be obtain- 
ed. In cutting away tiie portions of the block to form the 
curved surfaces of the somt and of the end of the voussoir, 
a model cut from a thiu board, by shaping it on the back to 
the form of the arc M'Q' {Fig. 1), and alike model cut to 
the form of the arc DN''\ would be requisite as a guide to 
the workman, to be applied, iBrom time to time, in a direc- 
tion perpendicular to the elements of the cylinders, until it 
is foun^ that the models coincide accurately at all points 
with the prepared sur&ces. 

Models also of the true forms of the joints, determined 
in Fig. 5, may be cut from thin pasteboard, or any like ma- 
terial, and be used to verify the work. These last would 
evidently not be requisite to guide the workman in setting 
off his points where he works from a block of the above 
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form. But, in cases where a block of irregular shape has 
to be taken, they may be fonnd the most convenient for set- 
ting off the points to determine the form of these joints on 
the stone. 

Prob. 8, PI. 2. To oonsi/nust the prqjeotUms <md trm 
dimensions of the vot^eoirs m the groined and doistered 
arches. 

In each of these cases the soffits of the arches are formed 
by the intersections of two semi cylinders^ the axes of which 
are in the same horizontal plane, and their top elements at 
the same height above this plane. From these conditions, 
the cnrves of intersection of the soffits (Theor. 1) will be 
plane cnrves^ and will be projected in plan in the diagonal 
lines which join the intersections of the lowest elements of 
the semi cylmders. 

In the cases selected to iUnstrate this problem (PI. 2), 
the cnrve of right section of one of the semi cylinders is a 
semicircle {Fig. 1), that of the other (Pig* 2) a semi ellipse, 
each having the same rise Z^JS7; and their axes are taken 
perpendicular to each other. The joints in each arch cor- 
responding to P^G\ &c., are normal to the soffit, or surfaces 
of their respective cylinders ; the upper and lower edges of 
the corresponding joints in each arch being in the same 
horizontal plane, as well as the top surfaces, as G^M^ {Pigs. 
1, 2), of the voussoirs. 

JSemark. Pig. 1 is the right section of the semi circular 
arch; Pig. 2 that of Ihe semi elliptical arch; Pig. 3 above 
the Ime o^ is a portion of the plan of the joined arch, the 
soffit of the semi circular arch being projected within the 
angle BKO and the corresponding soffit of the semi ellipti- 
caf arch, onlj the half of which is shown in plan^ being pro- 
jected within the angles aKB and hKC. P%g. 5 on the 
right represents t#o of the joints of a groin stone belonging 
to the semi circular arch with the development of the por- 
tion of the soffit between them ; that on the left the true 
dimensions of the corresponding parts of the same stone 
which forms.a part of the other arch. 

Fig. 4 below the line aft is a portion of the plan of the 
cloistered arch, the soffit of the semi elliptical portion being 
projected within the angles B^KO^; that of the semi circu^ 
lar portion being projected withm the angles* ^jiTC; and 
B^KG^ . Fig. 6 on the right represents the two joints of a 
groin stone which forms a part of the semi circular arch 
with the portion of the soffit oetween them; that on the left 
the corresponding parts of the same stone of the other arch. 
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Oroined Aioh. Having constntcted (Mff. 1) ihe i^ht 
Bection of ihe semi circtQar ardb as in P/w. 1L assume iTO' 
{Fig. 2) as the transverse axis of the ellipse' of right section 
of the other arch, and placing it at any convenient position, 
on the left, perpendicular to Sie direction B'C {Fig. 1)^ set 
off the semi conjugate L'K' equal to the radius of me s^ni- 
circle, and describe the semi ellipse. Find on tiie semi 
ellipse, as shown by the lines XT, ifec, on the left of Fig. 
1, tne points E\ F\ &c., at the same height above B'C\ as 
the corresponding points of the semicircle. Oonstmct tan- 
g^its to the semi ellij^se at these points, and at the same 
normals for the directions of the joints. Find on these 
normals the points JPj G'y&c.^ at the same heights as the 
like points in Fig. 1. Through the pointe /', ^', {Fig. 2) 
draw the vertical and horizontal lines I'JS* and G^JSTy for 
the bounding lines of the voussoirs. Having completea, in 
this way, the right section {Fig. 2), draw, in plan {Fig. 3), 
the projection of the axes, and the bottom elements of the 
arches, corresponding to the points JS\ C {Figs. 1, 2). 
Drawing the oiagond lines BJS, and OG, between the points 
where these elements intersect in plan, they vsiQ be {Theor. 
1) the ]projections of the ellipses in which the two semi cyl- 
inders mtersect, and whieh form the edges of the groins. 

To find the projections in plan of the voussoir oi the groin 
which corresponds to the one M'N'0\ &c. {Fig. 1), and 
F'0'H\ &c. {Fig. 2), draw Mm {Fig. 8), the pr^eotion of 
the lower edge of the joint correqwndmg to M' {Fig. 1), 
and Mm^ the correspondinff projection for me point F' \Fig. 
2) ; and in like manner tne lines JVh and Jfn^ , the projec- 
tions of the upper edges. Joining JfaTtod i\r gives the pro- 
jection of the mtersection of the planes of the two joints. 
Find in like manner Qq and Qq, ; Pp sjidFp, , the projec- 
tions of the edges correspondmff to the joints Q'P' and 
F'I\ Joining Q and F gives the pro^ertion of the interr 
section of the planes of the two last jomts. Having found 
the projections in plan of the edges of the joints and their 
intersections, the voussoir is terminated on tne semi circular 
arch by a joint of right section nipy taken at any suitable 
distance from the point P/ and on the semi elliptical ardi 
by a 'iike joint w^ ,. The required voussoir in jplan will be 
the figure MmpPp^m^ • The part above the Ime MO be- 
longing to the semi circular arch ; that to the right of it to 
the other. 

To find the true dimensions of th^ joiuts of this voussoir 
and of the portion of the soffit which belongs to the semi cir- 
cular arch, draw a line mp {Fig. 5) to correspond to the one 
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9n2? {Fiff. 3) of tlie plane ef r^t gection by^vbiehthe yous- 
soir is terminated. On this line set oSivmrsiM'N' {Mg. IS 
the breadth of the upper joint; nq^M'Q' the lenffth or 
the arc between the joints; and qjh^Q'P' the breadth of 
the lower joint. Throng, these points draw perpendiculars 
to the line, and set off on them nN^^^-miM {Fig. 3); mM^ 
nW: qQ'^Qi and ^P«^P. Join the points Ji, iT, and 
Q^ P^ by right lines; the points iV, Q, by a curve line, an 
intermediate point of which can be found by constructing 
in plan the element yx of the soffit which corresponds to 
the middle point x' {Fig. 1) of the arc M'Q' and setting 
this line off onFig. 5 n-omy, the middle point of wy to x. The 
Fig. 5 will give tne joints required in their true dimensions, 
also the developed portion of the soffit between them, and 
which is bounded at one end by the curve of right section 
corresponding to rnq^ and at the other by the portion of the 
elapse of the groin corresponding to MQ {Ftg. Z). 

In like manner the true dimensions of tiie joints, and 
the portion of the soffit between them, which belong to the 
same stone, and form the portion of the' elliptical arch ter- 
minated by the joint of right section m^p, (^^- 3) may be 
found, as shown {Fig. 6) on the left j by setting off the dis- 
tances Piii^Ql^i 5 ^i^/ ) respectively equal to E'I\ E'F* 
and F^ir {Fig. 2), ana on the perpendiculars to p^n^ , through 
the points^, , q^ , &c., setting off the distances p,Fj q^ Q^ &c., 
respectively equal iop,P &e,, in plan {Fig. 3). 

The portion of me kCTstone which forms the top of 
the ffroins at the point K {Fig. 3), is limited on the semi 
drcmar arch by the joint of right section O^JV', ; and by the 
one Sh on the semi elliptical cylinder, with a corresponding 
one on the right of ^ ' 

The joints of right section of the diff^ent courses^ as 
mp and G^Jf, , are arranged to break joint. 

Cloistered Azch. The constructions for determining 
the projections, Ac, of the joints and their true dimensions, 
are precisely the same in this case as in the preceding/ 

In Fig. 4 cuififi Bste the exterior lines in plan,, and 
BJJtBfi^ the interior lines of the top of the walls, or the 
imposts of the arches ; the semi circular arch springing from 
the lines -5,(7, and <7,-B, and the semi elliptical form C^B^ . 
The lines O^^jtt and B,Kbxq the projections of the half of 
each groin. 

By drawing in plan the edges of the joints corresponding 
to P'Q' and M']S'.{Fia%. 1, 2), and joining the points jP, 
Q, and Jf, N {Fig. 4), Ihe intersection of mese joints are 
obtained in plan. Tne groin stone which corresponds to 
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these joints is limited by a plane of right section ^Tip ^..7^. 4) 
taken at pleasure on the semi circular arch, and* a like one 
'm,^p^ on the semi elliptical. All the parts of this groin stone 
wm therefore be projected within the fi^nre mpPp/m^. 

To oonstmct the joints and the portion of the soffit in 
their true dimensions which belong to this stone, commence 
{Fig. 6) by setting off on a right Ime the distances rrni^ mg^ 
and gv, respectively eqnal to N'M^, M'Q'^ and Q'P' {Fig. 
1), and which correspond to the joint of right section ^ 
{Fig. 4). Draw through the points n^ m, &c., ikoA set om 
perpendiculars to np^ and along these perpendicnlars set off 
the distances nN, mM^ gQ, and pP^ respectively equal to 
the same lines on Fig. 4. Join the points JN^M and QP by 
right lines ; and MQ by a curved line, an intermediate point 
ot which corresponding to a/ {Fig. 1) is found by setting off 
from y^ the middle of mg the distance y,x^ e^tial y^x^ {Fig. 4). 

In the same way the corresponding portions of the groin 
stone belonging to the joint of ri^ht section m^p, on the 
semi elliptical arch are found from Figs. 2 and 4. 

The top groin stone at K{Fig. 4) which forms a portion 
of the two arches is represented as a single stone. 

The joints of right section in the different courses of 
voussoirs are arrauged as shown in plan to break joint. 

AppUcation. Having determined the projections in plan 
of the edges of the j'ornts of a groin stone with the true 
dimensions of the joints, and the portion of the soffit of 
each arch belonging to it, their uses in shaping the stone 
from the solid blo^ will be easily understood. Taking, for 
example, the groin stone of the groined arch, the right sec- 
tions of which are given in Figs. 1 and 2; the ^lan in Fiq. 
3 ; and tifcie true dSaensions of the joints, &c., in Fig. 6, it 
will be readily seen that, supposing a block from which the 
stone is to be shaped to be a rectangular paxallelopid, its 
thickness must be such that the right section M'N'U\ &c., 
{Fig. 1) can be inscribed within the rectangle of the end 
that eorresjponds to the joint of right section rrm {Fig. 3) of 
the semi circular arch, and the %ure F'&S/^ &c., be in- 
scribed within the end corresponding to the joint w,^, of 
the send elliptical arch; and the lei^h of the block must 
be equal to mM^ and its breadth to iSnrb. . 

Having inscribed upon the ends or the block the two 
figures of cross section, the portions of the solid exterior to 
them are ^adually worked off until the dressed surfaces 
coincide with Fig. 5, which may be ascertained either by 
measurement, or by the actual application of these figures 
cut from some thin flexible material 
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Sema/rk. A careM examination of the lines of the 
fignies will- show the geometrical methods tor determining 
the tangents to the points on Fig. 2 which correspond to 
Fig.l. ^ 

Prob, 9, Ph. 8, 4* To construct the jprqjections wnd trvs, 
dimensions of the voueeoire of the rofrnpanteyUndrioal arch. 

This problem, which comprises two cases, is a variation 
of Pr(^. 7. The arch in tms, as in Prob. 7, being termi- 
nated at one end by a vertical ^lane, and at the other by a 
horizontal semi cylinder having its axis and elements paral- 
lel to the vertical plane of the end ; the elements of the soffit 
and the ed|jges of the vonssoirs of the arch being obliqne both 
to tiie vertical plane and to the horizontal plane of the plan. 

Case 1, PL 3. . Construct (MsT. 1) the semicircle B'T'O' 
to represent the obliqne section of the arch by the vertical 
plane of the end. Let ad {Fig. 2), assumed at any conve- 
nient distance from A^iy^ be the projection in plan of the 
lowest element of the seim cylinder of the other end, which 
with the axis is taken in a horizontal plane at the distance 
a'^'a" {Fig. 3) below the line A*D*; and let the lowest ele- 
ments of the arch drawn from the points A'SO'D\ and its 
axis from X', {F^. 1) be taken to intersect the line ad^ and 
to lie \jk vertical planes perpendicular both to the vertical 
plane of the ^od and to the horizontal plane. The edges 
of the vonssoirs as A!a^ B% &c., in plan will be perpenmc- 
nlarto^'2>'. 

To obtain the edges of the vonssoirs in their tme dimen- 
sions, it wiU be necessary to find their projections, as in Prob. 
5, on a plane parallel to them. 

Let the vertical plane which contains the edge projected 
in A! a be taken for this purpose, and suppose it revolved 
around the line A^K'^\ its trace on the vertical plane of the 
end, to coincide with this plane. In this new position of 
the side vertical plane the edge projected in A' a will be ob- 
tained on it by setting off Ald'^^-^A'a; erecting at a"' a 
perpendicular — a'''w\ and joining Ala!''. Tfiie edges 
drawn from jB', 0\ 2^, and the axis of the arch will all 
evidently be projected into the same line A!al\ 

The projections of the other edges on this plane will 
evidently be parallel to A' a!' {Fia. 3), and their positions 
will be found by drawing through the points E\ /', &c., 
{Fig. 1) lines parallel toA'D'^ and from the points E'' Ac, 
in which they cut A'K"' drawing parallels to A a" {Fig. 3). 

As a" is me revolved position of the point in which the 
vertical side plane cuts the lowest element of the semi cyl- 
inder of the end, and as the axis is iu the same horizontal 
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plane as this element, by setting off on the horizontal through 
a!\ and to the left of a!\ the radins of the semi cylinder, 
and from the point thus set oflf describing an arc al^X\ it 
will be the one cut from the semi cylinder by the vertical 
side plane. The lines, as H''H"'^ £"£!"' intercepted between 
the arc a"X' and the line A'K'"^ are the projections in their 
true dimensions of the required edges of the voussoirs. 

To obtain a right section of the arch, for the purpose of 
constructing the joints of the youssoirs in their true dimen- 
sions, and the deyelopment of the soffit of the arch ; from the 
point A' draw the Ime A' T' perpendicular to the projec- 
tions of the edges on the vertical side plane ; this line may 
be r^arded as the trace of a plane of right section on the 
side vertical plane, and &e line A'D' ap its trace on the 
horizontal plane through A*D\ If the plane of right sec- 
tion thus fixed be revolved around A'D^ until it feoomes 
horizontal, the right section contained in it wiU be deter- 
mined in its true dimensions. The points as e\f'j &c« 
(i^. 4) will be found, after this revolution, by settii^ off 
from the line A'D' along the projections of the elements in 
plan corresponding to the points J& ', F'^ &c., distances equal 
to A'e'^ A'f'^(i,AFig. 3) measured from the point A' along 
the Hue A' Y'. The curve B'e'fm'&G' {Fia. 4) ttMOs deter- 
mined is the curve of right section of the somt, and the fig- 
ure 7n}n'o'v'& the right section of the voussoir correspondi^ 
to M'N'O'rQ' (Fig. 1) of the end. 

Having obtained the right section, the development of 
the soffit and the joints in their true dimensions are found, 
as in Prdbs. 5 and 7, as follows : Having drawn a line B^C 
(Fig. 5) set off along it the distances 5V, ef\f'm'j &c., 
respectively equal to the arcs JB'e', e'f &c^ on the curve of 
right section {Fig. 4). The right line JB'O' will be the de- 
vdopment of the curve. Through the points jB'; e'jf'y &g.. 
draw perpendiculars to JB'G' which will be the elements oi 
the soffit m development, which are the lower edges of the 
joints and correspond to the points B\ F', &c., {Fig. 1). 
As the true, distances of the extremities of these edges from 
the plane of right section are given on Fig. 3, and are the 
distances e'e"^ e'F'" for the edge projected in its true length 
between the line A'K'" and the curve al'X'j by setting off 
^e" and e'E'", from e' to E', and e' to Fl'" {Fia. 6), the 
points E' and E'" wiU be respectively points of the devel- 
opment of the curves in which the soffit intersects the verti- 
cal plane of the one end of the arch and the horizontal 
cylinder that terminates the other. In like manner the 
points F\ M\ &c., of the developed curve B'T'C are 
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foTUid, and those as S", ^'", Jfec^ of the other end. To ob- 
tain the true dimensions of any joint, as the one correspond- 
ing to E'T {Fig. 1). set off the distance e[i', {Fig. 5) equal 
to the breadth of the joint in right section, which is e^i^ 
{Fig. 4r). Through i draw a perpendicular to B'G\ and set 
off from it the distance i^I f iA'\ respectively equal to 
a' A' a' A!'' {Fig. 3). Join F, E\ by a right Une, and 
A"E''' by a curved line, the figure A!''TE'W'' wiU be the 
required joint in true dimensions. The other joints are 
found in like manner. 

To find the dimensions of a block of the form of a rec- 
tangular parallelopiped from which one of the voussoirs, as 
the one corresponding to M'N'O^P'Q could be cut, it will 
be observed that the edges of this voussoir are projected in 
their true dimensions on Fig. 3, between the line H"W\ 
which corresponds to the points N\ 0' {Fig. 1), and the line 
E"E'"^ which corresponib to Q'; drawing therefore from 
H" a perpendicular to E"E'" prolonged, and from E'' one 
to H"H'^' prolonged, the rectangle thus formed will be the 
true dimensions of one side of the block. As vn!ri!o'p& 
{Fig. 4) is the cross section of the same voussoir, the breadfli 
of the rectangle of the end of the block must be equal to 
mlp'^ in order that the fiigure rn/nfo\ &c., can be inscribed 
within it. The manner of setting off the different lines on 
the block, with the view of dressing it into shape, will be 
readily seen from what has ah^ady been stated on this point 
in the preceding problems. 

Eema/rks. From the preceding constructions, the joints 
and the development of the soffit for any other plane end 
passing through the line A^D\ and having lie line A^Z\ for 
example, for its trace on the vertical side plane, can be 
readily round, by setting off, on Fig. 5, from the line B^0\ 
the distances between the corresponding points on the lines 
A^ Y' and -4'Z', as h'h!\ for example, m the same waj^ as 
for those between A' Y' and A'K'^\ and through the points 
€l\f\ &c., drawing the developed curve of intersection of 
the soffit and assumed plane, and constructing the corres- 
ponding joints as ^'Y'^'^'^'^ ^ 

Prob. 9, CoBe 2df, PI. 4. This case is a variation of the 
preceding one, the axis and elements of the soffit of the 
arch being oblique both to the horizontal plane, and to the 
vertical plane which terminates the arch at one end, but 
situated m vertical planes oblique to the vertical plane of 
the end. The position of the semi cylinder which terminates 
the other end is the same in all respects as in the preceding 
case. 
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Mg. 1 reprcBents the end of the arqh in the TBitical 
^plane. The curve of the soffit B'F'M' C m this plane is a 
Bemicircle. The^rch for the mere illustration of this case 
consists of only three vonssoirs. 

Fig. 2 represents the projections of the elements in plan ; 
the axis of the arch and tiie lowest elements of its soffit 
intersect the lowest element of the semi cylinder^ which is 
projected in the line (%?, parallel to A!D\ and lies in a hor- 
izontal plane at the distance D*iy' helow AHy^ at the 
points &, I and c. 

Fig* 3 represents the projections of the edges of the 
vonssoirs on the vertical side plane, parallel to them, of 
which lyT and ly V are the traces on the horizontal plane 
d the plan, and the vertical plane of the end. The system 
of j^ojecting lines in this case is the same as the one nsed 
in jProb. 5. 

Fig. 4 represents the revolved position, on the horizontal 
plane, of the right section of the arch, contained in the plane 
of right section of which XZ", perpendicular to the projec- 
tion of the axis Z7 is the horizontal trace, and Yz\ perpen- 
dicular to iy% the projection of the axis on the side vertical 
plane, is the trace on tms plane. 

Mg. 5 represents the joints and the development of the 
soffit in their true dimensions. 

Having constructed Figs. 1 and 3, find, by Frob. 5j the 
projections of the edges of the joints on the vertical side 
plane of which jyTiB the horizontal trace, assuming, in the 
first place, the line jy^d, as the projection of the axis and 
lowest elements on this plane, and parallel to which aU the 
other projections of the edges are drawn ; the one corres- 
ponding to the point M^ (Mg. 1), for example, is found by 
setting off from D" (Fig- 8) on the revolved position 
D'K"^' of the trace of tiie side vertical plane with that of 
the end, the distance D'^M*' equal to JOT' {Fig. 1), and 
drawing M''M'" parallel to ly'd. 

Representing, by the line drawn through T parallel to 
arf, the axis of 9ie semi cylinder, the ellipse cut from the 
semi cyliuder of the end will Jiave dT^ and T8' equal to 
the radius of the semi cylinder, for its semi axes. Having 
described the quadrant dB* of the ellipse in its revolved po- 
sition, the projections of the edges of the joints intercepted 
betwieen it and the line jyK"' will be the true lengths of 
the edges. 
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of right aection. Having fcrand {Fig. 4, PZ, J.,) the proj^oi 
tionB c\m,. n', &c. (.?%. 3) of the points in which tne ele- 
ments of the soffit and the edges of the joints pierce the 
plane of right section, next construct from these {Fig. 4) the 
right section as tevolved.on the horizontal plane. 
' To construct the soffit and joints in their true dimensionsy 
draw (Fig, 6) a line afi' {Fig. 4, PL A) and set off on this 
from o.Uyc, the length of the curve of right section Ifi, 
{Fig. 4). Drawing tfiough the points J^ , /y , W/ , o^ , per- 
pendiculars to ajy.^e^ off on them above and below a^iy 
distances mM' mM"\ respectively eatial to mM** and 
m,M''' {Fig. 3). OSe curves B'F'M' 0\ and IM'^'c, drawn 
'through the points thus obtamed, will be the developments 
of the intersection of the soffit with the end plane and semi 
cylinder. Tq construct the joint of which M'M"^ is one 
edge, set off mp,^ on afi' equal to m^«., {Fig. 4), the width 
of the joint in cross section; through n^ draw a parallel to 
M'M^^. and set off on it n,N' n^"\ reOT)ectively equal 
to T^'iT" and n'N'" {Fig. 3). Joining M^N' hj a nght 
line, and M'^'If'" by a curve liue, the fiffureobtamedis the 
required joiut. The others are found in like manner. 

Bema/tk. A comparison of the lines on Fig. 5 with 
those on Fig. 3 will point out the manner of constructing 
an intermediate poiat as i? of the curve M'^'N^'\ 

Prdb. 10, FT. 5. To construct the j^qjecHona cmd true 
dimensions of the votcssoirs of the hermspaerical dome. 

Let the semicircle {Fig. 1) B'L'C' be the vertical section 
of the soffit of the dome, ana suppose it divided into seven 
equal p arts at the points E\ F\ &c. Drawing radii through 
the points E'^ &c., set off upon them the equal distances 
E'r^ i^'^V&Cjand complete, as in the preceding cases, 
the figures ^'/'JT'' <?'-?", &c., to represent the sections oi 
the voussoirs. If Fig. 1 be supposed to be revolved about 
the vertical radius LL' as an axis, any section of a vous- 
Boir, as E'FH"G'F' would generate tne entire voussoir of 
the dome comprised between the horizontal circles on the 
soffit projected in the lines E'Q and FM'. The lines 
E^r^ F'Q\ in this revolution generate the joints between 
the voussoir in question and the two in contact with it. 
which joints are portions of a cone of which the centre of 
the dome is the vertex, and LL^ the axis. The line FW 
will generate a cylindrical surface having the same axis, and 
the Ime H'G' a plane. 

Having in this manner determined the bounding surfaces 
of each course of voussoirs, the course is divided into blocks 
of suitable dimensions, by joints of right section, formed by 
4 
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intersecting the oonrse by yertieal planes throagh the axis 
Z'Z". If IE, and l^F, (Fig. 2)^ for example, be taken as 
the projections in plan of two joints of right section, the 
jBgure II ^fE, will be the projection in plan of a block or 
vonssoir of the conrse in qnestion. The figure E'lT'E" 
{Fig. 1) is theprojection of the lower conical joint of this 
vonssoir; F^ipQ-F" that of the npper conical joint; and 
E'F^F'E" that of the portion o/the soffit. The joints 
of right section of the adjacent conrses break joints, as 
shown at E"E\^ FV, &c., on the curves TL^, V'^Z% 
&c. {Fig. 1), which are the projections of the circles cut 
from the soffit by the joints of ri^ht section. 

AppUcaMon. Haviog determmed tlie projections of the 
boundmg lines and surfaces of a vonssoir, their true dimen- 
sions can be easily determined, and from them the size of a 
block from which the vonssoir can be cut. Taking, for ex- 
ample, the vonssoir projected in plan {E^. 2) in IIjF,E^ , 
from an inspection of the projections {Figs. 1, 2)^ it is obvious 
that the dimensions of a block from which it can be cut 
must be such that the figure II^Ffi^ (i%. ^ can be inscribed 
within its base, and its thickness be eoual to the vertical 
height between the Hues WG" and E'E" {Fig. 1), the total 
depth of the vonssoir. Having selected a block of the suit- 
able dimensions, the different Imes and surfaces of the vons- 
soir can be obtained in their true dimensions from its projec- 
tions {FigB. 1, 2, 3), and marked out on the sides and bases 
of the block. t 

It will be seen that the end of this vonssoir, which forms 
a portion of the soffit, is comprised between the two merid- 
ian planes lE^ and I^^ {Fig. 2) and the upper and lower 
corneal joints. The points F\ F'\ E\ E'^, {Fig. 1) are 
therefore the projections of the four angular points of the 
vonssoir, on tne soffit, and lie npon the circumference of a 
small circle of the dome passing through the points of which 
these are the projections on Fig. 1. This small circle can 
be readily constructed {Fig, 4), since the lengths of the 
chords joiningthe two npper points F*F'\^ and the two 
lower E'E'^ v^^« 1)> ^^ given m their true dimensions E^F. 
and EF{Fig. 2); and the dia^nals projected in EF, and 
E,F{Fig. 2) can be readily obtamed in their true dimensions. 
Having set out the small circle determined from these ele- 
ments {Fig. 4), it will limit the portion of the soffit on the 
end of the vonssoir, and will serve as a guide to the work- 
man in working it out. 

Fig. 3 gives the true dimensions of the side of the vons- 
soir in the meridian plane IE, {Fig. 2). 
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Prdb. 11, PI. 6. Toconsbrucst the projecUons cmd true 
d^meriMons of the vovssoi/ra of ths ga^^ 

The line BC {Fig. 2) represents the trace of the vertical 
face or front of a waJl; ad that of the back, also vertical. 
Through this wall an arched gate-way is to be so constmcted, 
that the gate, composed of two leaves, may be placed mid- 
way between the face and back, as at AD^ and when open 
the leaves shall be thrown back, taking respectively the 
positions Afl, D,d^ by revolving aronnd the vertical axes 
projected ia JL ana i), . In this way, the gate occupies a 
recess within tne wall, from which circnmstimce the problem 
is named. 

Let -S', E\ C'AFig. 1) be the curve of right section of 
the right arch, Bi^G,U {Fig. 2) its plan. Let the top of 
the gate when closed be a semicircular cylinder. -4' J?' \Fig. 
1) teing ats diameter, and the rectai^le AAfifi {Fw. 2) 
its ^lan ; the gate when closed shuttmg against the plane 
surface ring projected {Fig^ 1) between the two semicircles; 
and Fig. 2 in the line A J). 

The problem to be solved consists in so arranging the 
surface oi the recess under which the leaves swing m being 
opened or closed: 1st, that it shall offer no obstruction to 
the jjlay of the leaves ; 2d, that it shall be one of easy geo- 
metrical construction ; 3d, that it shall present a pleasing 
architectural effect. ^ ^ 

The lines A^a, Dd, {Fig. 2) being the traces of the ver- 
tical side planes of the recess against which the leaves rest 
when closed, these planes are each terminated at top by an 
arc of a circle assumed at pleasure, but of greater radius 
than A^Z' {Fig. 1). To construct thos arbitrary arc {Fiig. 3), 
revolve the side plane B^d around the axis projected in 7), 
{Fig. 2), and BJ)' {Fig. 3), paraUel to the face of the wall, 
into the position B,d, . Assume d^^' the highest point oi 
the arbitrary arc in the revolved position, at me same height 
as k' {Fig. 1) is above Z', and construct an arcpassmg 
through JD'd'^^ and tangent to B'B'\ and let this be taken 
for the reqtiired arc. Supposing the side plane revolved 
back to its primitive position, Bd" will be the projection 
of the arc ; and d'd'' that of the vertical edge of the back 
^nd side planes. 

Let this arbitrary arc, the semicircle projected in A!k'B' 
{Fig. 1) and AJ)^ {Fig. 2), and the axis of the arch pro- 
jected in L {Fig. 1), IZ {Fig. 2], be taken as three direc- 
trices of a warped surface, to lorm a portion of the upper 
surface of the recess. The projections of the extreme posi- 
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tion of the element of this sncfftce will be df^scfZ' {Mg. 1), 
da^ {Fm. 2). A like sur&ce covers the o^>osite fiida 

To lorm the tojp, the two warped Burfaeeg det^noined are 
oonnected by a third, which muet be tan^nt to each of them 
along the extreme elem^it d'^L'y al'L of each, go tiiat the 
three ^urfaoeB may appear as a continuons gnrface, asid thus 
Batisfy the 3d ccoiditioii. To satis^ Hiis condition, let 
the axis of the arch and the Bemicircle, which are two of 
the directrices of the two first warped snrfac^ be taken 
as two of the directrices of the third. This will give two 
tangent planes, common to the siir&ces along eadi of the 
elements d'Il\ a!'L. Constmct now a tangent plane to 
the warped surface fonnd at the point dl\ b;^ drawing a tan- 
gent to the curve projected in lyd" at this ]joint, and torongh 
this tangent and tne element projected in d"L passing a 
plane. The element pierces the verdoal plane of which 
A.Df is the trace at a?, ob'; the tangent to the cnrve Djdl' at 
d intersects the vertical line IFD" at J?''/ joining then 
D'\ x'^ it will be the projection of the trace of the tangent 
plane on the vertical plane A,D, ; the projection of its trace 
on the vertical plane ad is v'd'w\ parallel to a/2>". Draw- 
ing an arc of a circle passing through a" and d" and tangent 
to v'w\ if it is taken as the third direcftrix of the second 
Borface, the two surfaces wiU be tangent, as they have a 
Ihird common tangent plane at d". 

The 2d condition is satisfied by. taking warped snrfaces 
to form the eoffit^ or top surface. 

Having constmcted the wai^^ surfaces, with these arbi- 
trary conditions, it wiU be necessary to ascertain whether they 
satisfy the 1st condition. To do this, it will be observed 
that the top of the leaf describes, in its revolution, a surface, 
and which, to satisfy this condition, should not intersect the 
warped sur&ces within Hie side plane, as Afl^ for example. 
This intersection wiU be foxmd by the usual methods for 
findiM; the intersections of two given surfaces* The line 
r^a' {Fia» 1), for example, may be assumed as the vertical 
trace of a horizontal plane intersecting the two Burfaces. 
This plane will cut from the surface described by the top of 
the leaf an arc of a circle, projected in ar {Fig, 2) and rrom 
the warped surfaces an arc ss,r; and as these intersect at /*, 
without A,fl^ the surfaces do not interfere along this hori- 
zontal plane. The same construction would be made for 
other points. 

The bounding lines of the top surface being found, the 
arch is divided off into five equal parts, as ^'#, &c. The 
planes of the voussoir joints pass through the axis of the 
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arcli and extend to tlie points /', &j &c., arbitrarily chosen ; 
and from these last points the vonssoir joints are vertical 

To determine the true dimensions of the ioints M^N' 
and Q'P' (Mg. 1); let each of them be reirolved aronnd 
their lower horizontal e<fees, projected in Jtf"', Q \ parallel to 
the horizontal plane; tjmng M*N\ Ihisisdone by draw- 
ing ihrongh Jf ' a line parallel to LD' and setting off along 
it, from M\ distances eqnal to G'F'--^M'If\ F'i\ F'h!, 
and, to simplify the construction^ drawing throngh the 
points thns set off, lines parallel to Z' Jf ' to mtersect Z'J?'/ 
from these last points drawing lines parallel to L'l the points 
Lk^mihlCPI {Mg. 4) will be fomid, which joined will giro 
the figure and true dimensions of the joint through M'N\ 
In a Bke manner the figure LhE^'f'g'G'I^JoA true dimen- 
sions of! the joint through Q'P' are obtained. 

AjppKoattOfk To cut the voussoir ont of a block of the 
form of a rectangular parallelopiped, its dimensions mnst 
be such that the fiffure N'M'Q'PO' {Fig. 1) can be inscrib- 
ed within the end, and its length be equal to I&' {Fig. 4). 
Haying set out the bounding lines of the different sunaeee 
from Fig.,1^ the plane and qrlindrical portions will be first 
cut off; next the portion or the warped surfaces, by first 
working down to the positions of seyeral of the intermediate 
elements, determined Man the drawing, and then finishing 
off by the eye the portions of the surface between these el^ 
ments. 

Prdb. 12, PI. 7. Tq<xm$tiructihs jprcje^^ wnd -brue 
dimmmms qf the steps of the gefmietnoal simrway. 

Let ABvD {Fig. 1) be the polygonal base of a vertical 
waU^ along which a fiight of stone steps is to bo built. Let 
XxZ^ a>y», be two curves having the relation of involute 
and evolute to each other; the one XZZ being the base of 
a vertical cylinder, the surface of which limits the ends <^ 
the st^s, and which is termed the well of the stairs. Let 
X^ Y,Z, be another curve parallel to the one XYZy and at 
the distance from it that persons going np or down ike stairs 
would naturally take; and where, on this account, the top 
of each step, or the tread should have a uniform breadth. 
This tread added to the height, or riee^ being nsually assumed 
at twenty-two inches, as a convenirait distance for each step. 

The problem consists : Ist, in arranging the tread and 
rise with- these conditions; 2d, in making the xmder sur- 
face of the stairway a helicoidal surface; 8d, in arranging 
the joints between tiie steps so as to be plane surfaces, ana 
normal to the helicoidal surface at the middle point ; 4th, in 
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determining from these conditions the form and dimensionB 
of each step. 

Having set off the equal arcs X,l, 1-2, 2-3, &c. {Mai 
1) along the cnire X^ ^jZ,. equal to the assumed tread, 
draw, through these points, lines tangent to the curve wyz^ 
and prolonff them to the line hcd parallel to BOD; flie 
quadrilaterals thus formed, between XYZ and hcd^ wiU be 
tne true dimensions of the top surface of each step. Mid- 
way between the equal arc, as at Y,^ Z^^ &c., draw lines 
also tangent to xyz^ and let these be assumed as the projec- 
tions of the edges of the joints along' the heKcoidal surface ; 
and, to fix their position, let the edge of each joint be taken 
at the distance of half the rise below the top of the step. 
The points thus determined will lie on a helix, which at 
each of these points is half a rise below the top of the step, 
and the inclination of the tangent to which at any point 
will be the rise or height of each step divided by the uniform 
tread. 

Having fixed the position of the helix, the helicoidal 
surface is generated by moving a right line along it so as to 
be paralld to the horizontal plane, and, in all of its posi- 
tions, be projected normal to the curve XYZ. 

Let y, , the middle point of the lower edge Yrriy be taken 
as the point at which a normal plarfe is to be passed to the 
helicoidal surface for the joint m question. This plane itf 
determined as shown on Mg. 2, by Prdb. 7 {PI, A, Fig. 6), 
and in like manner the one at 2?, on Zo as shown in Fig. 3. 

Having determined these planes, their intersections with 
the tops of the steps will give the lines Nn^ J/p, parallel to 
Ym^Zo^ which are the top ed^es of the jomts. 

With the data now determmed, the form and dimensions 
of the ends of the step to which these two joints belong 
can be determined. The larger end of the step is containea 
in a vertical plane of which mq is the trace on the horizontal 
plane. Draw a line B^C parallel to he and at any assumed 
distance from it ; this may be taken as the revolved position 
of the top line of the end, on the horizontal plane. From 
the points m, n, 0, ^, and g draw perpendiculars to mq; 
set off on these the (Kstance ^'& for the rise of the step; 
m/^m' equal to half a rise; c' hall a rise below jp'; join the 
points thus set off. The figure m'n'&'^jp'o' is the one requir- 
ed.^ To find that of the other end {Fig. 5), the portion of the 
cylinder of the well YM is developed, and the correspond- 
ing points set off on it; the figure Y'N'M"M'0'Z' is the 
one required. 
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AjMiiioaHan. To cut the stone, a block must be taken 
upon the top of which the figure TmqM {Fig. 1) can be 
set off^ and on the large end Mg, 4. JBCaving dressed off 
the plane- and cylindrical snrfaces, the portion of the warped 
surface can be dEreSsed off as in the preceding problem. 
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